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Abstract
Abstract
A GPS receiver capable of supporting multiple antennas can be used to determine a 
general vehicle's attitude as well as its position. The general principle in vehicle’s attitude 
determination lies in the differential carrier phase measurements of the line-of-sight GPS signal. 
One problem with using this technique on-board a satellite is that the GPS antennas generally are 
sited on a non-optimal location on the space-facing facet of the spacecraft, which provides a poor 
multipath environment for the GPS antennas. Therefore, it is important to find a method to 
calibrate the multipath error, in order to obtain higher vehicle’s attitude accuracy. In addition to 
the error caused by multipath, there are also arbitrary measurement biases. Furthermore, the GPS 
phase difference measurements are sampled randomly across the hemisphere and there is 
substantial thermal noise present in the GPS carrier phase difference measurements.
This research investigates the problems faced in GPS attitude determination, mainly with 
respect to multipath, arbitrary measurement biases and thermal noise. The spherical harmonic 
template and weighted least square estimation methods are used to construct the multipath map, 
in order to mitigate the above-mentioned problems. Additionally, a novel technique based on 
Analysis of Variance (suggested by Dr. Stephen Hodgart) is used to analyse the error of the 
multipath mapping. This technique is able to separate these error sources and predict the rms error 
of the multipath map. It is also able to automatically interpolate to every point in the attitude 
hemisphere even when the data do not evenly cover the hemisphere. The multipath maps 
constructed in this thesis are based on experimental test data, downloaded from SSTL’s satellite 
(UoSat 12) on January 2000 and 13 July 2000.
The 13 July 2000 data are noisy with distinct periodic fluctuation. Its noise variance is 
estimated to be 152.8 mm  ^and the constructed map is in error by 41.3 mm .^ As for the January 
2000 data, they are of a much higher quality than the 13 July 2000 data with the noise variance of 
14.6mm  ^ and the constructed map is in error by 0.69 mm .^ In order to reduce the error in the 
constructed multipath map, weighted least square estimation is used to estimate the coefficient of 
spherical harmonic functions as a function of co-elevation and F-test is used to remove the 
insignificant spherical harmonic functions whose coefficients have samll amplitude. As a result, 
the 22“*^ order spherical harmonic multipath map constructed with January 2000 data is in error by
0.5 Imm  ^ rms, which translate to 0.06° for a baseline with a length of 648.7mm. After the 
multipath mitigation, the GPS attitude determination with accuracy of 0.10° rms is possible. As a 
result, the multipath mitigation method describe in this thesis have achieved a signal processing 
gain of 14.6dB.
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Chapter 1. Introduction
Chapter 1
1 Introduction
1.1 Introduction
The Global Positioning Satellite System (GPS) has been installed in many vehicles to provide 
positioning information. Recently, there has been a lot of work done in exploiting the applications 
of GPS, in addition to its positioning capability. One of these novel applications is GPS attitude 
determination by using multiple antennas. GPS attitude determination could be used mainly in 
aircraft and spacecraft since GPS is already installed in them to provide positioning information. 
The cost of including the GPS attitude determination capability into the existing GPS positioning 
system is to install a few extra low-profile GPS patch antennas. In addition, the software in the 
GPS receiver needs to be modified in order to extract the GPS carrier phase information. As 
compared to the conventional attitude determination sensor such as sun sensor, horizon sensor, 
magnetometer, star field camera etc., GPS attitude determination system is smaller and lighter to 
implement. However, the accuracy of GPS attitude determination is affected by multipath, line 
bias, integer ambiguities and measurement noise. This research will concentrate on mitigating the 
multipath in GPS attitude determination.
1.2 Motivation of Research
In the near future, satellite platform attitude determination by using GPS carrier phase 
measurement could become a secondary source of attitude information, after the conventional 
attitude determination system. Integration of this additional source could obtain better attitude 
accuracy.
On 21 April 1999, Surrey Space Technology Limited (SSTL) launched its UoSat-12 satellite. It 
carried four low-profile GPS patch antennas to perform the GPS attitude determination 
experiment. These low-profile GPS patch antennas were placed on the zenith facet of the satellite 
where all the other conventional attitude sensors sit. The conventional attitude sensors consist of 
magnetometers, sun sensors, earth horizon sensors and star field camera where all of them are 
packed in polished metal casing. In addition, there is also a launcher attachment ring on this facet, 
made of polished metal. All this polished metal around the GPS patch antennas serves as a ‘good’
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source of multipath. The UoSat-12 satellite mission probably has the most complicated 
multipath environment around the GPS patch antennas as compared to the previous satellites 
flying the GPS attitude determination experiments; e.g. RADCAL (1993), Crista-SPAS (1994), 
REX II (1996) and GAME (1996). The UoSat-12 mission provided a good opportunity to perform 
the GPS carrier phase multipath investigation with real flight data, where the static multipath is 
caused by the satellite’s own structure.
1.3 Research Objective
The main objective of this research was to demonstrate the in-flight post-launch GPS carrier 
phase multipath calibration by creating a multipath map. This map (see for example Figure 6.34) 
represents the error, over the directional hemisphere of the phase difference to a distant GPS 
satellite, as seen by a baseline created by a selected pair of antennas. The basic problem was to 
extract this data optimally from imperfect, biased and noisy measurements. One source of noise is 
that the directional information is in error due to imperfection in the reference conventional 
attitude determining sensors. As shown in Figure 2.11, a ‘multiplier’ effect amplifies attitude error 
to a much larger error in phase difference that is not due to multipath. The flight data were also 
corrupted by line bias, arbitrary half wavelength ‘jumps’ and receiver measurement noise. As a 
further problem, the flight data were uneven, with an arbitrary distribution within the directional 
hemisphere. The half wavelength ‘jumps’ in the flight data were caused by the software fault in 
the GPS receiver onboard UoSat-12, and required visual inspection to manually correct it. The 
effect of all these other error sources and multipath have been mitigated by the developed 
mathematical algorithms given here; and a multipath map has been successfully constructed by a 
modified form of spherical harmonic analysis. The second objective was to perform statistical 
analysis on the constructed multipath map in order to assess its error. The number of harmonics 
required to represent the multipath map have been studied in detail. These objectives were 
achieved with the help of simulation by generating synthetic flight data to test the mathematical 
algorithms.
1.4 Research Contributions
The applications of GPS have grown widely since its initial operation in the early 1990s. One of 
them is GPS attitude determination. The sources of error have been generally neglected in the 
earlier studies of GPS attitude determination, although they have been acknowledged to exist. 
GPS carrier phase multipath is generally held to be the dominant error source in GPS attitude 
determination [1,2,14,17]. The contributions of this research consist of 4 categories with their 
core lying in the construction of a multipath map to mitigate multipath.
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1.4.1 Removal of Line Bias Per Epoch
Line bias is the generic problem in GPS attitude determination when a parallel architecture GPS 
receiver is used for real time GPS attitude determination. For a parallel architecture GPS receiver, 
each GPS antenna has its individual dedicated radio frequency front-end channel. Each antenna 
chain consists of a cable connecting the GPS antenna and GPS receiver, filters and amplifiers. 
Two such antenna chains are required to form a baseline for GPS carrier phase measurements. 
Ideally, when 2 radio frequency front-end channels are connected to a common antenna by a 
splitter, their carrier phase difference should read zero. However, this does not happen in reality 
because each cable will have different length and the each amplifier will have a temperature 
dependent phase shift. This difference is termed line bias. The temperature will change the cable 
length and amplifier phase shift. The individual components will also age with time and cause 
their operational parameters to change. This dynamic line bias is a complicated problem to 
analyse, which cannot be calibrated-out pre-flight. A novel and simple method had been found to 
overcome this problem in calibration by removing the mean of the data at each epoch for each 
baseline. The method is applicable down to a minimum of two data points recorded per epoch. 
The assumption made is that the line bias is constant within each epoch at the instant the 
measurements are recorded.
1.4.2 Spherical Harmonic Template Development
In previous research, multipath maps generally have been constructed using the spherical 
harmonic template found in [1], [2], [13], [14], [15] and [17]. My research has tested ‘new’ 
aspects of spherical harmonics, which enhance the multipath mapping capability. These are:
1. The spherical coordinate in spherical harmonic can be converted to Cartesian coordinate, 
and polynomial representation for computational efficiency. (Refer to §5.3.4)
2. After converting the spherical coordinate to Cartesian coordinate, the bias in the baseline 
vector will be taken care of automatically. The first 2 terms in the Cartesian coordinate 
will estimate the X  and Y components of the bias. The Z component of the bias will be 
absorbed in the other higher harmonic terms (3*^  ^term and above).
3. Theoretically, both spherical harmonic and polynomial template will generate the same 
multipath map. However, spherical harmonics are well known to be orthogonal basis 
functions, whose property has been found to make calculation far more feasible.
4. When spherical harmonic template is used to map a hemisphere, the number of harmonics 
required is halved as compared to mapping a sphere, because the even spherical harmonic 
is symmetrical at 90° co-elevation angle. (Refer to §5.3.3)
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1.4.3 Weighted Least Square Estimation with Self-Adaptive Weighting 
Function
UoSat-12 flies low-profile GPS patch antennas for its GPS attitude determination experiment. 
These antennas have 4 dBi gains at boresight, and a gain which reduces as the co-elevation 
increases [46]. Therefore, the measurement noise is expected to increase with co-elevation angle. 
This phenomenon was in fact observed in the flight data. To deal with this problem, a weighted 
least square estimation algorithm was incorporated within the spherical harmonics computation. A 
novel algorithm was developed to compute the weighting function of the weighted least square 
estimation. This algorithm is self-adaptive to the unequal noise variance in the flight data as a 
function of its co-elevation angle and it takes 15 to 20 iterations to converge (Refer to §5.7).
1.4.4 Statistical Analysis of the Constructed Multipath Map
Since this is the first time a multipath map was developed for the UoSat-12 satellite, there was no 
prior knowledge of what the multipath map would look like, except that it was likely to be highly 
irregular [7]. In order to validate the multipath map of the static GPS carrier phase multipath, 
some novel statistical analyses methods were developed to assess the error of the constructed 
multipath map. The statistical analyses included:
1. Monitoring the residual of the fit between the flight data and the spherical harmonic 
template as the spherical harmonic order increases, by using the sum of squares. 
(borrowing from Analysis o f Variance) The variance of the residual will reach an 
asymptote when enough spherical harmonic orders are used to fit the flight data. (§ 5.5)
2. Splitting the flight data into 2 uncorrelated parts to establish if  the two independently 
generated multipath maps look similar (multipath is caused by the satellite own structure 
and therefore it is static), and their difference must then be due to all the other noise 
effects in the flight data. The degree to which the two independent maps are the same 
establishes confidence in the procedure as a whole, and in the average map derived from 
all the data. (Figure 6.19, 6.20 and 6.30, 6.31)
3. Remove the spherical harmonic functions that the amplitude of their coefficients is 
statistically insignificant in representing the static multipath in the flight data from the full 
spherical harmonic list. (§ 6.9)
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1.5 Thesis Overview
This thesis will consist of 7 chapters. Chapter 2 is an overview of the history of GPS and how it is 
used for navigation. The methods to perform GPS attitude determination and their associated error 
sources will be summarised. Then I reported the previous work on GPS carrier phase multipath 
mitigation through my literature search. Chapter 3 discusses the generic error sources and data 
distribution of the collected GPS carrier phase difference measurements in detail, particularly 
multipath, line bias and noise. Chapter 4 shows the preliminary experimental results that inspired 
the development of novel algorithms to extract multipath from noisy flight data. Chapter 5 is a 
summary of the equations and algorithms offered by my supervisor to assist in the course of my 
work, which I explain here in general terms. Chapter 6 describes my experimental work in 
applying these algorithms to extract multipath from flight data. Chapter 7 is the conclusion of my 
work and the recommendation for future.
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2 Context and Background
2.1 Introduction
This chapter will consist of four main sections. The first section will give an overview of the 
history of GPS. Then the method of using GPS satellites to carry out navigation will be presented. 
The second section will discuss the principle of GPS attitude determination by using GPS carrier 
phase measurements from multiple antennas onboard a low earth orbit (LEO) satellite. In the third 
section, the GPS receiver on-board a LEO satellite (UoSat-12) used to carry out on-board GPS 
attitude determination experiment will be discussed. Following on, the error sources associated 
with GPS attitude determination will be briefly mentioned. Since the main aim of this research is 
to mitigate GPS carrier phase multipath, I report on the past work that has been done concerning 
GPS carrier phase difference multipath mitigation.
2.2 History Of GPS
The main purpose of United State Department of Defence (USDoD) in developing the GPS was 
in precise weapon delivery. The requirements of the system are global, all weather, continuously 
available and highly accurate navigation system. The first program director was Dr. (Colonel) 
Bradford W. Parkinson (1973), supported by Deputy Program Director from Army, Navy, Marine 
Corps, Defence Mapping Agency, Coast Guard, Air Logistics Command, NATO and a small 
group of engineers from Aerospace Corporation under Mr. Walter Melton [8]. The 2nd Space 
Operation Squadron of the 50th Space Wing at Falcon Air base, Colorado, operated this program.
The forerunners that laid the path towards the GPS program can be traced back to the 1960s, 
starting with the first operational satellite based navigation system. Transit. This consisted of 7 
low-altitude polar orbiting satellites, which broadcast very stable radio signals. The Doppler shift 
of the radio signal transmitted by the satellites could be used to measure the position of the user 
on Earth. US Navy designed the Transit system for their marine navigation. In 1967, Transit was 
made available to civilian users for commercial marine navigation and private craft. It has proved 
its utility for most ship navigation. However, Transit does have drawbacks:
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1. Long acquisition time for positioning
2. Provides only 2D positioning capability
3. Hours of intermittent access time between availability of signal
4. User is required to correct the velocities
All these drawbacks make Transit impractical for use on a rapidly moving platform. Nevertheless, 
the Transit program demonstrated that a space system could offer reliable navigation capability 
and the satellite prediction algorithms developed for Transit were a significant contribution to 
GPS.
Timation was another forerunner of GPS. It incorporated two experimental satellites run by US 
Navy. This program aimed to develop high stability clocks, time transfer and two-dimensional 
positioning. The first Timation satellite was launched on 1967, carrying quartz-crystal oscillators. 
The second one launched on 1969 carried an atomic clock that had better stability than the first 
Timation experimental satellite. The highly stable atomic clock greatly improved the prediction of 
satellite orbits and extended the time required between control segments updating the satellites. 
This pioneering work on space-qualified time standards was an important contribution.
At the same time, US Air Force was running the System 62 IB program. The contribution of
System 62IB was to test the satellite ranging signal based on pseudorandom noise. For this
program, no satellite was launched. Air balloons were used to carry the transmitter to simulate the 
satellite and aircraft were used to test its three dimensional continuous positioning capability.
By consolidating this experience from the GPS forerunners, the developmental phase GPS 
satellites (Block Is, 1974-1979) flew the atomic clocks and used the signal structure and 
frequencies from the System 62IB. Their orbit was based on Timation but at higher altitude with 
12 hours orbital period. Soon after, the Block Is were launched and successfully tested the 
concept of space-based navigation system. Then eleven Phase I (Block I, 1978 - 1985) GPS 
satellites were launched. The last six Block I satellites also carried the nuclear detonation sensors 
payload to monitoring compliance with the nuclear test ban treaty. From 1985 to 1989 the growth 
of the GPS program suffered a setback from budget cuts and the Space Shuttle Challenger 
accident in 1986. The first Block II GPS was eventually launched on 1989. Since then, twenty- 
three more Phase II GPS satellites have been launched. The improvement of Block II include:
1. Radiation-hardened electronics were used.
2. Full selectivity availability and anti-spoofing capability to provide system security.
3. Automatic detection of faulty GPS satellite and broadcast error messages to protect GPS 
user from tracking the faulty satellites in order to maximise system integrity.
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The Block II GPS launched after 1989 are called Block IIAs. They have the additional capability 
of operating up to 180 days without contact from the control segment from ground. The launch of 
the 24* Block II GPS satellite in March 1994 completed the GPS constellation.
The first Block HRs were launched on July 1997 to replace gradually the Block II/IIA GPS 
satellites as they wear out. Currently, there are nine Block IIRs GPS satellites in operation, with 
the ninth Block HRs GPS satellite launched on March 2003. There are some improvements of the 
Block IIRs GPS satellites over the Block II/IIA GPS satellites:
1. They can determine their position by performing inter-satellite ranging with other 
Block HRs GPS satellites.
2. They have reprogrammable satellite processors enabling problem fix and upgrade 
while in flight
3. Increased satellite autonomy
4. Radiation hardness
The original intention of the GPS program was to give USDoD armed forces a further tactical 
advantage through real time satellite positioning. However, following the downing of the Korean 
Airline Flight 007 on 1 September 1983 when the airliner strayed over Soviet Union Territory, the 
US President, Ronald Reagan made the first announcement that the GPS would be made available 
for international civil use once it was operational. On 1 May 2000, the US President, Bill Clinton, 
announced that the selectivity availability feature of GPS, which intentionally degrades the 
precision of GPS positioning capability, was to be switched off. By switching off the selectivity 
availability, a GPS receiver can pinpoint a location ten times more accurately [47]. Following 
these moves, GPS is now widely used by civilians all around the world for, leisure and aviation 
navigation.
2.3 Overview Of GPS System
The GPS system in principle consists of 24 satellites in orbit, of which 3 are spare and 21 
operational. Their orbits have a 12 hours period at an altitude of 20,000km above earth surface, 
with a common 55° orbital inclination. The satellite constellation is divided into 6 orbital planes, 
equally spaced at 60° apart. Each GPS satellite carries 4 atomic clocks (2 caesium clocks and 2 
rubidium clocks).
The GPS satellite tracking stations are spread all around the world. The Master Control Monitor 
Station (MCMS) is at Schriever Air Force Base (formerly Falcon AFB) in Colorado, and the 
Monitor Stations are in Hawaii, Ascension Island, Diego Garcia, and Kwajalein.
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GPS satellites are broadcasting 3 L-Band signals designated, LI, L2 and L3. Signal LI is 
operating at 1.57542GHz and carries 2 types of modulation namely: Coarse/Acquisition Code 
(C/A) with data and Precise Code (P) with data. Civilians have unlimited access to the C/A code 
in LI. Signal L2 operates at 1.2276GHz, and consists of P-Code with data only. Authorized users 
only may use this band. The purpose of having P-Code in both LI and L2 is to cancel out most of 
atmospheric effects. The nature of signal L3 is a closely guarded secret.
The user segment consists of at least one GPS receiver. From data broadcast by the GPS satellites, 
a GPS receiver is told the exact position of these GPS satellites (the ephemeris data) and may use 
it for positioning the receiver, by combining with pseudorange measurements.
2.4 Satellite Navigation Concept
GPS uses the time of arrival (TOA) ranging concept to measure the position of the user. The TOA 
concept measures the time taken for the transmitted signal by an emitter at a known location to 
reach the user receiver. The time interval multiplied by the speed of light, c, will give the distance 
between the emitter and receiver. Assuming that the user receiver clock is synchronised with the 
emitters’ clock, then the three-dimensional position of the user receiver can be found by using a 
minimum of three emitters with the triangulation method.
•  Emitter 
■' User Receiver 
D Distance between
emitter and user receiver
Figure 2.1 Triangulation Positioning Finding
For GPS navigation system, the GPS satellite will inform the user receiver of its position through 
the GPS satellite broadcast ephemeris. hi practical implementation, the user receiver’s clock and 
GPS satellites’ clock are not synchronised. Therefore measurements from four GPS satellites are 
needed to solve four unknown parameters namely, X, 7, Z coordinates in Euclidian space and user
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receiver clock offset. The measured range from the GPS satellites to user receiver is called 
‘pseudorange’ since the offset in user receiver clock affects the true range measurements. Let 
these known GPS satellites 1 , 2 , 3  and 4 have coordinates Xj, Yj, Zj, X2, ¥2, Z% . .. respectively, 
through the GPS satellites’ broadcast ephemeris. The measured pseudoranges from the four GPS 
satellites to user receiver are designated as Pj, pg, P 3 and p .^ The position of the user receiver
Xu, Yu and Zu and the user receiver clock drift, are the parameters to be calculated from the 
pseudorange measurements.
A  =V (^i - Y u f  +(Z , - Z j  +ct^ (2.1)
A  =  ^ | { ^ 2  ~ ^ u f  ~ ^ u f  + (^ 2  (2.2)
A  = ^l{^3 (2.3)
A  = V K - X u Y  - Y j  + (Z , - Z j (2.4)
These non linear Equations (2.1) to (2.4) are then linearised by Taylor series in order to solve for 
Xu, Yu, Zu and tu [8].
2.5 Concept Of Attitude Determination By GPS Carrier Phase 
Measurement
The basic principle of attitude determination from phase information of GPS signal depends on 
differential GPS carrier phase measurements, r, between pairs of GPS antennas on baselines. 
Incoming radiation is assumed to be a parallel wave front from a dominant GPS satellite 
separately received in at least two different antennas. Therefore, it is more convenient to 
characterise a baseline, defined by a selected pair of antennas.
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Figure 2.2 GPS Carrier Phase Measurement
Fundamentally,
27T
+  TîX ( I g f S  ^ M P  ^ G P S  ^ (2 5)
where, I is the baseline length (/ = 648.7mm for baseline 1 and 2 on UoSat-12), S  is the measured 
phase difference expressed as a fractional wavelength of GPS Li signal in radian; n is an unknown 
integer ambiguity; «qps is the unknown line bias error; Amp is the multipath error; Vqps is a noise 
term mostly due to thermal noise; Sb the GPS line of sight vector; be is the known LEO satellite 
baseline vector. Here the subscript B refers the vectors to the body frame, (i.e. the UoSat-12 
satellite)
However,
(2.6)
where, Agp  ^ is the attitude of the LEO satellite determined by GPS carrier phase differential
measurement; So is the assumed known GPS line of sight vector in orbit frame. Although GPS 
ephemeris data is not perfect, it is assumed here to be of much better quality than our 
measurements and is assumed here to be not only known but true. T is the transpose of the vector.
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With the aid of the coarse LEO satellite attitude information obtained perhaps from external 
attitude sensors, the integer ambiguities, n are hoped to be identified and kept track [9]. The 
parameters that yet have to be estimated are line biases of each baseline and the attitude (roll, 
pitch and yaw) of the LEO satellite. Sources of error are then multipath Amp and GPS receiver 
noise vqpg here. In a dual orthogonal baselines case, a minimum of three GPS satellites is required 
to form six GPS carrier phase difference measurements for solving five unknown parameters (one 
line bias for each baseline, roll, pitch and yaw). In order to estimate these unknowns, iterative 
standard least square estimation can be used to minimise this cost function, s  [9].
£ =
S \
27T
-  a GPS ^  B ^ G P S ^ O (2.7)
2.6 GPS Attitude Determination Hardware
The GPS receivers with attitude determination capability can be categorised into switched 
architecture and parallel architecture GPS receivers. The switched architecture GPS receiver is the 
hardware used in the earlier year of GPS attitude determination. It is constructed by connecting 
multiple GPS antennas to a switching circuit where all the GPS antennas share a common radio 
frequency front end [1]. The advantages of switch architecture GPS receiver are the eliminating of 
line bias error caused by radio frequency front end, by directly measuring the GPS carrier phase 
difference and the lower cost and complexity of GPS receiver design. However, the switch 
architecture GPS receiver cannot perform simultaneous measurement and has lower overall signal 
to noise ratio [9].
The parallel architecture GPS receiver has an individual radio frequency front end for each GPS 
antennas to perform simultaneous GPS carrier phase difference measurement but each 
measurement is corrupted by line bias error.
Antennas
V
V
LNA
switcher
Switdi command
Front end
Reference ^  
Oscillator
tracking loop
Local
Oscillator
Digital
Qock
Synthesiser
uP
Antennas LNA
Front end
{>— -g-Xg)------ .Q->
-§-x8i-
Local
Oscillator
Reference,^
Oscillator
6 channels 
tracking loop
6 channels 
tracking loop
6 channels 
tracking loop
6 channels 
tracking loop
Digital
Clocks
Synthesiser
uP
Figure 2.3 Switched Architecture Receiver Figure 2.4 Parallel Architecture Receiver
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2.6.1 UoSat-12 GPS Attitude Determination Hardware
The UoSat-12 flew the parallel architecture GPS receiver with four low-profile GPS patch 
antennas on its zenith facet to carry out the GPS attitude determination experiment.
Antenna #2
Antenna #4
Antenna #3
Antenna #1 
(Master Antenna)
Figure 2.5 UoSat-12 Zienith Facet
Antenna 1, 2 and 3 are on the same level, while antenna 4 is placed 155 mm lower according to 
the mechanical drawing. The field of view for antenna 1,2 and 3 has « 75® co-elevation angle.
Antenna#! Antenna#3
I i
Antenna #2 Antenna #4
Figure 2.6 View of GPS antennas from +X direction
Figure 2.7 Visibility of antenna #2 Figure 2.8 Field of view of antenna #4
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These four low-profile GPS antennas are connected to the low noise amplifier chains and GPS 
down-conversion with analogue to digital converter chips (GP2010). In addition, there are 2 GPS 
correlator chips (GP2021) with 12 channels each and an ARM60B processor. Two banks of static 
RAM chip are available with one of them protected by the EDAC (Error Detection And 
Correction coded). Interface is done by using the CAN Bus and the RS422 port. The transputer 
link has dual functionality. It is used for co-processor connection and as a debugging port during 
software development. The Pulse per Second (PPS) signal produced by the GPS receiver is used 
for clock synchronising onboard satellite. SGR Code is the firmware in Space GPS Attitude 
Receiver, which controls the hardware operations. When powering up, SGR Code is loaded from 
OBC to EEPROM through CAN Bus. Before ARM60B processor executes SGR Code, 
SGR Code is loaded into the SRAM [40].
T ranspu ter Link
LNA / Filter 1
L N A /Filter 2
>
LNA /  Filter 3
LNA /  Filter 4
GP2010
- 1-
GP2010
- 2 -
GP2010
-3-
GP2010
-4-
TCXO
R S422 i/F
UART
GP2021
-a-
Sync
GP2021
-b-
Link
A dapter
256k X  32 
SRAM
EDAC 
 1--
2 5 6 k X 8 
SRAM
ARM 60
EEPROM
256k X 32 
SRAM
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Peripheral
CAN
P P S
CAN
Controller
N ode
Pow er
S upply
RS 422 I/F
; 0 & 28  V 
o r 0 & 5V
G P S Telem etry 
&
T élécom m anda
Figure 2.9 The Space GPS Attitude Receiver - System Diagram
When the spread spectrum GPS signal at 1.57542GHz is received at the antenna, the signal is 
boosted up by the LNA with 25dB gain. Then the signal is sent to the RF front-end (GP2010) for 
a three-stage down conversion to 4.309MHz, and digitised to 2 bits output (sign and magnitude) 
[10]. At the output of GP2010, the digitised GPS signal that is below noise level is sent to 
GP2021. The block diagram of one of the twelve tracking channels in the correlator in GP2021 is
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shown in Figure 2.10 [11]. GP2021 is controlled by SGR Code to perform positioning and 
attitude determination onboard UoSat-12.
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Figure 2.10 Tracking channel in GP2021
SGR Code is a piece of highly complicated software. For simplicity, only the module that is 
related to phase measurement will be discussed here. In this module, a 4-quadrant frequency 
discriminator is applied to rapidly reduce the carrier frequency error to within the capture range of 
the Phase Lock Loop (PLL). Then the carrier is stripped off the received GPS signal by a Costas 
phase lock loop to produce the in-phase (I) and quadrature-phase (Q) sampled data (Costas phase 
lock loop is used in GPS receiver because the 50Hz navigation message remains after the carrier 
and code signals have been wiped off the incoming GPS signal, but then Costas Lock Loop is 
insensitive to 180° phase reversal in I and Q signal). The I and Q signal at the output of the carrier 
mixer is a linear combination of all the GPS satellites signal and noise. Following on, code 
stripping is performed to raise the desired GPS signal from the noise level. What is left over now 
is the GPS message (almanac and ephemeris) in the GPS signal which can be decoded by a BPSK 
demodulator. When the message is decoded, its preamble in the beginning of each block of data is 
used to check for 180° phase reversals and subsequently inverts the 180° phase reversal in phase 
measurement.
To perform phase difference measurements, a minimum of 2 tracking channels are needed, one 
for the master antenna and one for the slave antenna. The received carrier phase for each antenna 
is measured during carrier stripping process by reading the phase measurement in the Carrier 
DCO registers when carrier lock is achieved. For phase difference measurement, the Carrier DCO 
registry for both master and slave antennas were read. The phase difference between them then
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becomes the phase difference measurement of one baseline at an epoch [12]. The data 
downloaded from UoSat-12 and needed to perform offline GPS attitude determination experiment 
include:
1. GPS carrier phase difference measurements, zgps for each baseline.
2. GPS seconds, ?gps-
3. GPS week, fweek-
4. Ephemeris of GPS satellites used to take the measurements
5. UoSat-12 positioning information where GPS carrier phase difference measurements 
were made.
2.7 Offline Data Processing Of GPS Carrier Phase Difference
Before the GPS carrier phase difference measurements can be used to construct the multipath 
map, they need to be pre-processed. As stated in §2.5, external attitude information was required. 
This data is essential in order to construct a directional map, and is also needed in order to 
calibrate out the integer ambiguities in the GPS carrier phase difference measurements.
UoSat-12 attitude determination sensors (ADS) consist of sun sensors, earth horizon sensors, and 
magnetometer. The characteristics of the attitude sensors are listed in Table 2.1.
Magnetometer Sun Sensor Horizon sensor
Quality 3 4 x 2  axis 1 x 2  axis
Type Flux Gate Slit & Photo cell
IR pyro array & 
chopper
Range +/- 60 11 Tesla +/- 50" +/-5.5°
Accuracy 1-2° (Iff) 0.2“ (Iff) 0.06" (3ff)
Table 2.1 UoSat-12 Attitude Determination Sensors
fri order to estimate the attitude of UoSat-12, a quaternion based Extended Kalman filter is 
implemented to fuse the measurements from attitude sensors listed in Table 2.1. The Kalman filter 
works on the principle of assigning more weight to the more accurate sensors (e.g. horizon 
sensor) and less weight to the less accurate (e.g. magnetometer) depending on the noise
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covariance from the sensor measurements [5]. The attitude predicted by the ADS, is time 
stamped in Unix time, funk- The raw data need to be pre-processed in the following ways:
1. Synchronise time fops and /week with /unk-
2. Convert GPS ephemeris to World Geodetic System 84 [8].
3. Compute line of sight vector of GPS satellites in orbit frame, Sq.
4. Calculate predicted carrier phase difference from ADS zjns, following on by the disparity 
data z. (see Equation (2.14a)).
5. Calculate and convert co-elevation and azimuth of GPS satellite from orbit frame to body 
frame of UoSat-12 for each calculated disparity data points.
In order to synchronise the predicted carrier phase difference from ADS and measured carrier 
phase difference from GPS, the GPS time needs to be converted to Unix time.
= 315964800 + 604800 * -f- -  Leap Seconds (2-8)
where,
315964800 is the number of seconds from Jan 1970 to 6* Jan 1980
604800 is the number of seconds in 7 days
Leap seconds were introduced to adjust the difference between atomic clock time and Earth's 
rotational time to ensure their difference is less than 0.9 seconds [8].
The true carrier phase difference, necessarily is,
r =b^ASo
= bjS^ (2.9)
where, the line of sight vector of GPS satellite in orbit frame , is obtained from GPS ephemeris 
and UoSat-12 positioning.
The predicted carrier phase difference measurements from ADS system, zads, will be assumed to 
be corrupted by a combination of bias error, «ads, and effective noise, Vads-
Zxcj (2-lOa)
~  ^ A^DS ADS (2.10b)
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The sources of these errors are due to a combination of uncertainty in specifying baseline 
previously and in the error due to the error in . In this context we should note the amplifying 
effect in .
Antenna 2Antenna 1
Figure 2.11 ADS Bias Error Amplification Effect
Simplifying to one dimension,
r = Icos(6) (2.11a)
with rotational error d O ,
Zads= ^  + ^ads =  ^cos(6>) + / sm {9)de  (2.11b)
7t
For worst case scenario, when ^ = — , the magnification factor,
^ADs —^dO (2.12)
The actual GPS carrier phase difference measurements zops are corrupted by multipath «mp, line
bias «GPS, and thermal noise, vqps, so that
^Gps ~ ~Z  ^ ^MP ^GPs ^GPs < «9 < ;r) (2.13a)
2n
— T + Clj^ p + (^ GPS G^PS (2.13b)
where r =  h nÀ is again the true carrier phase.
2 *
The basic data zads will be used as a reference to correct ZQPs forming a disparity data z.
z Z/uw (2.14:0
“  ^MP i^ GPS ~ A^DS ) ^GPS ~ ^ ADS ) (2.14b)
==aAr-^ *6 4-1/, (2.14c)
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Vqp^  and are viewed as random noise and uncorrelated to each other. Therefore andADS GPS
Vads will be combined as overall measurement noise Similarly, and
are fixed bias error at least within an epoch and will be combined as an overall bias error term
"I •
Sb consists of three unit vector components namely; and Sp .^ s^ p^  is parallel with the
velocity vector of UoSat-12, Sp^  is nadir pointing and Sp^  ^ is orthogonal to both and 
(right hand rule). The co-elevation, 6  and azimuth, <j) of UoSat-12 can be calculated from the Sb 
vector.
(2 15) 
(2.160
Figure 2.12 Graphical representation of azimuth and co-elevation
6 = sin
(j) = angle[s^p\s^^'>)
The information available for multipath map construction include:
1 . GPS seconds, G^Ps
2. Co-elevation of GPS satellites in body frame, 6
3. Azimuth of GPS satellites in body frame, (j)
4. Disparity data, z which consists of GPS carrier phase multipath, m^p, bias error, ai^ , and 
thermal noise, Vn.
2.8 Previous Work in Multipath Mitigation
GPS carrier phase multipath has gained a lot of attention, and various methods have been 
investigated to mitigate it to improve the accuracy of GPS attitude determination. These are:
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a. Multipath map calibration
b. Ray tracing by Geometric Theory of Diffraction
c. Identify multipath signature in signal to noise ratio measurement
d. Novel antenna design to reject multipath
e. Calibration spacecraft static multipath in anechoic chamber
f  Isolate multipath by estimation theory
g. Spectral Analysis
2.8.1 Multipath Map Calibration
GPS carrier phase multipath mitigation by a calibration map is only suitable in a highly repeatable 
multipath environment, e.g. the aerospace environment. Cohen [1] studied the repeatability of the 
GPS carrier phase signal by setting up a roof-top experiment. This experiment consists of two 
GPS antennas installed on a square ground plane with a side length of 1.5 meters. Multipath 
signal was purposely generated by a metal reflector on the ground place. He found that the 
multipath signal was highly repeatable on a daily basis (with four minutes delay each subsequent 
day) when the GPS constellation repeats its ground track. As expected, the repeatability of the 
multipath signal is a function of the co-elevation and azimuth with respect to the GPS satellite, 
and independent of a specific GPS satellite. He constructed the multipath map with spherical 
harmonics up to 8* order. In order to show the effectiveness of the multipath calibration method, 
he carried out his experiment by collecting two sets of GPS carrier phase difference measurement, 
without (1®* data set) and with (2°^  data set) metal reflector on the ground plane. He found that the 
residual from the noise floor of the data set was 2.6mm rms. By including the metal reflector in 
his data collection, the residual raised to 5.2mm rms. After applying the 8* order spherical 
harmonics to remove the residual caused by GPS carrier phase difference multipath, the rms 
residual of the 2^  ^data set reduces to 3.2 mm, almost recovering the original accuracy of the 
data set. Hardwick [13], Sghedoni [14] and Boder [15] carried out similar ground based 
experiments by fitting GPS carrier phase difference multipath with spherical harmonics up to 8*, 
4* and 20* order respectively. On the other hand, Lopes [16] mapped multipath using two- 
dimension Taylor Series with ground experiment data set. He claimed that the two-dimensional 
Taylor Series projection avoids distortion and singularities close to the GPS antenna zenith as 
compared to spherical harmonic fit. In his claim he seems not to have realised that there is no 
essential difference between Taylor series and polynomial representation after an appropriate 
variable transformation, while the spherical harmonic functions have an additional orthogonal 
property. The properties of spherical harmonics will be further discussed in §5.3.3.
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The first off-line space based GPS carrier phase difference multipath mitigation experiment was 
carried out by Reichert [17]. The GPS carrier phase difference data that she used to carry out her 
experiment was obtained from the Crista-Spas mission that carried a star tracker-gyro inertia 
reference unit capable of an attitude accuracy of 0.05®. The star tracker-gyro inertia reference unit 
was used as a reference attitude sensor to construct the multipath map. She constructed multipath 
maps with grid sky map, spherical harmonic fit and polynomial fit. The construction of the grid 
sky map was just simply digitising the attitude hemisphere into bins with respect to the azimuth 
and co-elevation of the disparity data. The mean of each bin is used to construct the multipath 
map. The spherical harmonic fit and polynomial fit is constructed by using optimum templates to 
fit the disparity data by least square estimation. She constructed the multipath map using up to 
12* order spherical harmonics and up to 6* order polynomial fit. She claimed that multipath map 
constructed with grid sky map gave the best representation of error between the measured and 
predicted GPS carrier phase difference. Conversely, grid sky map requires the attitude hemisphere 
to be fully covered by the disparity data, since the multipath cannot be calibrated for empty bins. 
As for spherical harmonic fit and polynomial fit, she claims about the same performance in terms 
of multipath surface fitting capability. Both spherical harmonic and polynomial fit cannot capture 
irregularities in the disparity data with abrupt changes but they can be interpolated to cover 
attitude hemisphere with no data points. Dai [18] studies the similar case by using spherical 
harmonics to mitigate repeatable code multipath.
2.8.2 Ray Tracing By Geometry Theory Of Diffraction
By far. Geometric Theory of Diffraction (GTD) is the most popular computational 
electromagnetics (GEM) technique. As the cost of powerful computer processing is lowering, 
GTD can be used to study the electromagnetic interaction of complicated geometries. GTD is 
capable of computing the amplitude and phase shift of the reflective wave according to the shape 
and electromagnetic property of the reflective surface surrounding the antennas. However, GTD 
does have its limitations. GTD is computationally intensive and it needs a precise knowledge of 
the propagation environment surrounding the antenna which include the physical properties of the 
reflecting object and their distance from the receiver, fri addition, an accurate knowledge of the 
antenna radiation pattern is required in order to find out the energy received from the reflected 
path in their angle of arrival. Since GTD is a high frequency approach it is unable to accurately 
model the scatterers whose size is smaller than a wavelength. In addition, there are often 
discontinuities and singularities present in the GTD computed electric field results, particularly 
around the geometrical boundary regions due to the extended numerical computation [20].
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Gomez [19] performed two tests to assess the accuracy of the multipath computed by using GTD. 
For the first test, she setup a roof-top multipath measurement campaign to assess the accuracy of 
the multipath eomputed by GTD. She used a four feet by twelve feet aluminium sheet following 
by a three feet diameter cylinder to act as a multipath source and found that the multipath 
computed by GTD simulation agreed very well with measurements for these simple geometries 
[19]. For the second test, Gomez performed a space-based experiment with GPS Attitude and 
Navigation Experiment (GANE) mission [20]. The purpose of the GANE mission was to perform 
a pre-study of using GPS to determine attitude, position, velocity and time before GPS is 
implemented in International Space Station. The GANE mission flew four choke ring antennas for 
GPS attitude determination experiment and the Shuttle High Accuracy Inertia Navigation system 
gyros were used as attitude reference. The GPS carrier phase difference multipath measured 
onboard the GANE mission were then compared with those simulated by GTD. In this experiment 
Gomez failed to derive a meaningful statistic to indicate how well the predicted multipath 
matched the measured multipath. Her reasons were that amplitude of the multipath predicted by 
GTD was often out of phase with the measured multipath and the statistic ended up with 
meaningless numbers. Such errors often happen with complicated geometry being modelled by 
GTD. Therefore, Gomez concludes that, the accuracy of GTD has an inverse relationship with the 
complexity of the geometry being modelled. Apart from Gomez’s works, GTD has been used to 
assess the GPS carrier phase difference multipath environment of ICESat [21] and International 
Space Station [22,23].
2.8.3 Identify Multipath Signature In Signal To Noise Ratio Measurement
In most GPS data processing schemes, the signal-to-noise ratio (SNR) is generally used as an 
indication of the solution reliability. Comp [24] identified the GPS carrier phase difference 
multipath signature from the SNR and used it for multipath mitigation. He assumed that the 
amplitude of the direct signals arriving at the GPS antennas was constant and the radiation 
patterns of the GPS antennas were known. The measured SNR consists of SNRd from the direct 
signal and SNRmp for the multipath. The multipath SNRmp was obtained by removing the first 
order satellite and spacecraft motion from the SNR data. A Lomb periodogram was used to 
identify the low frequency multipath spectral components cause by reflection from near the GPS 
antennas. The Lomb periodogram is a type of spectral analysis method for unevenly sampled data. 
Eventually, the phase error induced by multipath was removed from the measured GPS carrier 
phase difference. In his simulation, he claimed to have reduced the multipath error from 10.4 mm 
to 3.3mm (In). For the roof-top experiment, this correction technique reduced the multipath error 
from 7.3mm to 5.6mm rms. The remaining uncorrected high frequency multipath error in his
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practical experiment was attributed to distant reflectors. Comp continued his experiment, by 
replacing the Lomb Periodogram with an Adaptive Notch Filter (estimating the various multipath 
frequencies) and Adaptive Least Square (estimating multipath amplitude and argument) routines 
to automate the GPS carrier phase difference multipath mitigation [25]. When he implemented 
this method on the CRISTA-SPAS mission, 43% of the static GPS carrier phase difference 
multipath was removed. The validity of this method would appear to depend on a regular 
reflecting structure in order to generate observable unknown frequencies in the waveform.
Reichert [26] developed a method to use the GPS SNR data to identify an effective or virtual 
reflector. The effective reflector takes into account actual multiple reflectors which cause the GPS 
carrier phase multipath. This technique is identical to Comp’s method which requires detailed 
knowledge of the receiving GPS patch antennas radiation pattern. From her ground test, she 
managed to reduce the residual phase from 11.37mm to 8.56mm rms. Unfortunately, when she 
used her technique to identify the effective reflector from the data obtained with CRISTA-SPAS 
mission, the effective reflector could not be found, due to the lack of knowledge of the receiving 
GPS antennas’ radiation pattern onboard the CRISTA-SPAS mission. Since all three baselines on 
CRISTA-SPAS were corrected with minimal phase improvement, no appreciable attitude 
improvement was found.
2.8.4 Novel Antenna Design To Reject Multipath
The preferred antenna characteristics for rejection of GPS carrier phase difference multipath are 
sharp gain pattern roll-off at the horizon, low sidelobe, low backlobe, good rejection of left hand 
polarised signal and maximum phase uniformity over the pattern coverage. Commonly, an 
antenna with corrugated ground plane is used to reject multipath from high co-elevation angle,
e.g. antenna flush-mounted on a choke ring ground plane. Tranquilla [28] carried out detailed 
theoretical and experimental studies on this kind of antenna and justified its multipath rejection 
capability. However, the choke ring ground plane antenna does have its shortcomings due to its 
physical size and weight. This antenna had been flown on GANE [27] and TOPEX [28] mission.
3
Figure 2.13 Choke Ring Antenna
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Giulicchi [29] developed a shorted annular patch antenna for multipath mitigation. This antenna 
only required a single radiator to perform radiation pattern shaping by changing the antenna 
geometry. As compared to the choke ring antenna, the shorted annular patch antenna is lighter and 
smaller and could be easily accommodated onboard a small satellite. For the standard circular 
patch antenna, the input impedance ranges from 0 Q at the centre of the disk to 200 0 to 300 Q at 
the edge, however, the shorted annular patch antenna has an input impedance at the edge of 100 
Q, which made the input signal feed position less critical. Additionally, the bandwidth of the 
shorted annular patch antenna is wider than the standard circular case. Giulicchi had set up a roof­
top experiment to compare the performance of the shorted annular patch antenna with the 
standard patch antenna. Her experiment showed that the shorted annular patch antenna reduced 
the multipath error by 50% compared to standard patch antenna.
Figure 2.14 Shorted Annular Patch Antenna
Another type of low profile, cheap and lightweight GPS carrier phase difference multipath 
rejection antenna has been found by Rao [30]. This antenna is a concentric two-element array 
consisting of an outer annular ring microstrip antenna enclosing an inner circular microstrip patch 
antenna on a resistivity tapered ground plane. The two-element antenna array is used as a 
polarisation filter for adaptive cancellation of the cross-polarised multipath. The resistivity 
tapered ground plane reduces the back radiation lobes of the antenna by attenuating the signals 
which are either diffracted or reflected from the edge of the ground plane. Rao made near-field 
antenna radiation pattern measurements and confirmed that the concentric two-element array 
antenna achieved 20 decibels gain in cross polarisation rejection for the selected azimuth angle as 
compared to an outer annular ring antenna on a metal ground plane.
Figure 2.15 Concentric two-element array antenna
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Kunysz [31], Krantz [32] and Basilio [33] have also developed low-profile and lightweight 
antennas for multipath mitigation with a different technology. The main aim of all these novel 
antennas was to achieve the performance of choke ring antenna with reduced size and weight.
2.8.5 Calibration Spacecraft Static Multipath In Anechoic Chamber
An anechoic chamber is normally used to measure the antenna’s radiation pattern. Godet [34] 
used an anechoic chamber to emulate the space environment for GPS carrier-phase difference 
multipath calibration, by using a pseudolite to generate the GPS signal. In order to validate this 
method, he started his anechoic chamber multipath calibration experiment with a box and 
cylinder-shaped object to act as a multipath source. The four GPS antennas used to carry out GPS 
attitude determination were mounted on a square ground plane with one-meter baselines. This 
square ground plane was then mounted on a position mast for 360° azimuth and elevation 
motions. In the anechoic chamber, the pseudolite-generated GPS signal was transmitted from the 
frequency source room and was reflected by a parabolic reflector to generate a plane wave 
propagating towards the GPS antennas.
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Figure 2.16 Antennas Plane and Obstacles Figure 2.17 Anechoic Chamber Experiment Setup
Unfortunately, the setup of the anechoic chamber multipath calibration experiment introduced 
errors, which he attributed to an imperfectly generated plane wave from the parabolic reflector; 
and inaccuracy of attitude information provided by the positioning mast where the GPS antennas 
ground plane was situated. Initially, Godet calibrated the diffraction multipath caused by the 
antennas’ square ground plane with the theoretically calculated disparity measurement in order to 
accurately model the multipath caused by the obstacles alone. After the initial calibration, he 
brought in the box and cylinder obstacles to the anechoic chamber to act as a multipath source. 
The multipath profile of the obstacles was recorded as a map. Next, he measured the data
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disparity with a real GPS signal, by setting up a roof-top experiment with the same multipath 
environment as in the anechoic chamber. He used the multipath profile which he obtained in the 
anechoic chamber to calibrate the multipath of his roof-top experiment and discovered that the 
standard deviation of the disparity data reduces by 30% after calibration [35].
Godet furthered his investigation of anechoic chamber multipath calibration by mounting the GPS 
antenna ground plane on two different satellites structures: a microsatellite and a minisatellite. For 
this experiment, the structure of the satellites acted as a multipath source. He followed the same 
procedure as his previous experiment. Initially, he constructed the multipath profile of the 
satellites’ structure in the anechoic chamber, and used it to calibrate the multipath in the measured 
roof-top disparity data. He found that by using anechoic chamber multipath calibration, the GPS 
attitude determination uncertainty of 0.1° was achievable for 99.7% of the time [36].
2.8.6 Isolation of Multipath by Estimation Theory
In addition to GPS attitude determination, GPS carrier phase difference measurement is also used 
by the Geodesic community for deformation monitoring of open pits wall, bridges and dams. Jia 
[37] used a semi-parametric model and a penalised least square method for mitigation of GPS 
carrier phase difference multipath. By using the semi-parametric model, multipath was described 
as smooth varying as a function of time. Following on, the penalised least square was used to 
separate the parameter to be estimated. He tested the semi-parametric model by mounting two 
GPS receivers on two pillars with a baseline length of 216 meter. After he processed the GPS 
carrier phase difference that was corrupted by multipath using the semi-parametric model and 
penalised least square method, he demonstrated that his method was able to reduce the multipath 
error to the level of GPS receiver noise.
2.8.7 Spectral Analysis
For relative positioning, centimetre or millimetre accuracy (without multipath error) can be 
achieved by carrier phase observation. In order to mitigate multipath, Xia [38] used a wavelet 
algorithm to decompose the double difference GPS carrier phase measurement into wavelet 
coefficients for identifying the multipath component. The identified multipath component was 
then mitigated by filtering the wavelet coefficient. The filtered wavelet coefficients were then 
used to reconstruct the double difference GPS carrier phase measurement. In order to validate this 
multipath mitigation technique, he formed a baseline by using two Turbo-Rogue SNR 8000 GPS 
receivers, mounted on two pillars to collect GPS carrier phase double difference measurements. 
The collected double difference GPS carrier phase measurements were then processed by the 
wavelet analysis package. After the multipath mitigation data processing, he claimed that:
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1. The rms of the double difference GPS carrier phase disparity reduces from 6.1mm to 
2.6mm.
2. The integer ambiguities search spaces reduced from 519350 to 306671 squared cycles.
3. The predicted baseline length was more accurate.
2.9 Proposed Multipath Mitigation Method
Various methods for multipath mitigation have been reviewed in §2.8. When my research was 
carried out, the GPS attitude determination experimental satellite, UoSat-12, had already been 
launched. Therefore there was no chance to calibrate the satellite in an anechoic chamber and the 
type of GPS antennas used cannot be changed. The software required to carry out the Geometric 
Theory of Diffraction simulation was not available during the course of this research, as a result 
this option was not considered. When the satellite is in space, the GPS carrier phase difference 
multipath is body fixed, therefore I do not consider the signal to noise ratio multipath mitigation 
method proposed by Comp [24] as it is for dynamic multipath environment. When comparing the 
multipath mitigation method proposed by Jia [37] and Xia [38], the multipath calibration map is 
simpler and straightforward to implement. As a result, multipath mitigation by using a calibration 
map has been chosen for this thesis, using spherical harmonics as a set of orthogonal basis 
function. A full justification of my particular approach is given in chapter 6.
2.10 Conclusion
In this chapter, the overview of GPS system is presented which including the history of GPS 
system development and satellite navigation concept. In addition to positioning, the GPS carrier 
phase difference measurements can be used for attitude determination. The theory of GPS attitude 
determination and GPS attitude determination hardware onboard UoSat-12 was presented. The 
error sources associated with GPS attitude determination were outlined, following on by the pre­
processing of real flight data. Next, the previous works done in multipath mitigation were 
reviewed. Since multipath is caused by the structure of the satellite, the most efficient and 
simplest method to mitigation of the static multipath is by using a multipath correction map.
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Chapter 3
3 GPS Attitude Determination Error Sources
3.1 Introduction
The error sources of GPS attitude determination are the main issues to be discussed in this chapter. 
The first section will present the overview of different types of multipath and their effects in GPS 
carrier phase difference measurements. In the second section, the various causes of line bias will be 
addressed. The GPS receiver noise analysis will be studied in the third section. This chapter will be 
finishing off by discussing the data distribution of the GPS carrier phase difference measurements.
3.2 Multipath
Multipath occurs when the signal reaches the antenna from indirect paths caused by reflective objects 
surrounding the antenna. Due to the extra distance travelled by the indirect path, each path will have a 
phase delay compared to direct signal. In GPS attitude determination, the effect of multipath can have 
very substantial effect in the GPS carrier phase difference measurement.
Indirect Path
Direct Path
Reflector
GPS Antenna
Figure 3.1 Single Multipath Scenario
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There are three different kinds of multipath namely specular, diffuse and diffractive multipath. 
Specular multipath is the reflection of wave from a large, smooth and conducting surface that 
produces systematic and spatial correlated error which is difficult to remedy by any processing filter. 
In addition, the polarity of the specular multipath will be reversed. For GPS signal with right hand 
circular polarised wave, after the specular reflection, the reflected wave arriving at the GPS antenna is 
left hand circular polarised. Diffuse multipath is caused by reflection from a rough surface with an 
unbiased and noise like appearance. The signal energy is dispersed and greatly reduced when 
reaching the antenna. In contrast to specular multipath, diffuse multipath can be easily removed by 
low pass filter in most navigation cases [7]. Diffraction multipath occurs when the signal passes edges 
of objects and ‘creeps’ its way to reach the antenna. Usually, diffraction multipath can be reduced by 
situating the antenna far from such edges [36]. The polarisation of diffraction reflected wave is 
elliptical [30].
For a satellite in orbit, multipath is caused by the structure of the satellite itself. If there is no moving 
object on the satellite, e.g. sun tracking solar panel, the multipath environment is static. In such cases, 
all three different types of multipath will be highly correlated spatially; therefore, their overall effect 
can be lumped together and treated as just one type of error source, i.e. multipath error. The error in 
GPS carrier phase difference measurements caused by multipath can be elaborated by a phasor 
diagram.
1%
Figure 3.2 Multipath Phasor Diagram
In the multipath phasor diagram, the line-of-sight (LOS) signal and multipath are presented using 
vectors. The line-of-sight (LOS) signal has an amplitude with phase angle % and it is corrupted by 
multipath with amplitude Am with phase angle The GPS antennas will receive the vector addition 
of the LOS signal and multipath with an amplitude Ac and phase angle ofc. ôa is the phase error of the 
LOS signal cause by multipath. As the GPS satellites traverse across the attitude hemisphere of the
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LEO satellite, ij/ will rotate to trace out the multipath error caused by the structure of the LEO 
satellite. For worst-case scenario, if the multipath amplitude Am have the same amplitude as the LOS 
signal Ac, the phase error ôa will have the maximum error of +/-90®, translating to the phase error 
magnitude of +/- 47.57 millimetres.
3.3 Line Bias
Generally, the term line bias in GPS attitude determination refers to a differential line bias. The 
absolute line bias is the electrical line length from the antenna phase centre, through the cable, to the 
measurement point inside the GPS receiver. Differential line bias is the difference between two 
absolute line biases that form a baseline [27].
A n t^ a  1
hBaseline
Antenna 2 \K
GPS Receiver
GPS receiver measurement point
Figure 3.3 Line bias
‘^GPS h ~ h (3.1)
In Figure 3.3, U and I2 are the electrical line lengths from antenna 1 and 2 to the GPS receiver 
measurement point respectively and is the differential line bias. The line bias terms used in this
thesis all refer to differential line bias. Unfortunately, the line bias can be dynamic due to thermal 
variation and electrical component aging. When Cohen [1] carried out an experiment to measure the 
GPS receiver in the thermal chamber, he found out that the GPS receiver line bias temperature 
sensitivity was 0.19mm/K. As a result, he conceived that as the satellite passes out of the earth 
shadowing, line bias could change by a few centimetres. Lightsey [39] has also reported that the pre- 
flight calibrated line bias of RADCAL mission changed after the satellite was in orbit. In my studies, 
for the parallel architecture GPS receiver onboard UoSat-12, each time the GPS receiver is reset, the 
phase lock loop used to measure the GPS carrier phase will start at an ambiguous state and introduce
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an ambiguous line bias value [40], as shown in Figure 4.4. This shows that the line bias value is very 
difficult to determine at pre-flight stage.
3.4 GPS Receiver Noise Analysis
Thermal noise analysis can establish the typical noise factor or noise temperature of the GPS receiver 
used onboard UoSat-12 and also the expected signal level, leading to a carrier to noise ratio. The GPS 
receiver onboard UoSat-12 consists of four GPS antenna modules connected to a GPS receiver. The 
GPS antenna module contains the GPS patch antenna, band pass filter (BPF) and low noise amplifier 
(LNA).
Feeder
GPS Patch Antenna LNA
GPS Antenna Module 1
GPS Antenna Module 1
GPS Antenna Module 3' 
GPS Antenna Module 4-
BPF
Receiver
GPS
Figure 3.4 GPS Receiver Onboard UoSat-12
In order to improve the thermal emittance and absorptance of the GPS antennas, they are covered by a 
radome manufactured by Kynar. When the GPS antenna is mounted to UoSat-12 zenith-facet, a 
temperature range from +30°C to -30°C is expected [40]. The gain and noise figure of the various 
components summarised in Table 3.1 is obtained from the UoSat-12 project development document 
[40].
Page 3-4
Chapter 3. GPS Attitude Determination Error Sources
Gain (dB) Noise Figure (dB) Noise Temperature (K)
GPS Antenna 30.00
BPF -1.5 1.5 119.64
Low Noise Amplifier 27 1.2 92.30
Feeder -2 169.62
GPS Receiver 50000.00
Table 3.1 Thermal Noise of GPS Receiver’s Components
The system noise temperature, Tgys was computed from the parameters in Table 3.1 [41].
T = Tsys Antenna ' BPF +  ■
r,Feeder
^ B P F  ^ B P F  ^ LN A
+ GPS Re caver
^ B P F  ^ LN A  ^F eeder
(3.2)
30 + 1 1 9 . 6 4 Æ + . +  ■ 50000v -0 .15 i a 2.70 i  a -0 .2 01 0 - 0 . 1 5  ■ j q - 0 .1 5 j q 2.7 0  1 0 " " ' ' 1 0 ^ n 0 "
The system noise temperature, T^ ys was computed to be 503.8°K. With the system noise temperature 
above, the noise spectral density. No,
No = Boltzman Constant x Tsystem (3.3)
1.38X 10'^ X 503.84=6.95 X lO'^^W/Hz
=-201.6dBW/Hz
The GPS system guarantees a minimum of-160dBW to terrestrial user from a GPS satellite which is 
5° above horizon. The low gain patch antenna have a quoted boresight gain of +4dBic and 5° 
elevation gain o f-ld B ic  which gives us -156dBW and -161dBW. Experience among GPS users 
suggests that a minimum-receiving figure is 4dB greater than the guaranteed minimum. Therefore 
possibly the minimum expected GPS signal strength is -152dB at boresight and -157dB at 5° 
elevation. Therefore, using Equation (3.3), we can expect a minimum,
44.6dBHz < < 49.6dBHz
Theoretically, rms phase measurement error, oYhermai, caused by thermal noise in the carrier-tracking 
loop in GPS receiver is described as [3]:
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(7Thermal 2ti C,GPS,
%
1 + 1
GPS,
N,
(3.4)
o /y
where, Àu is the LI wavelength of GPS carrier frequency at 1.57542GHz; is the carrier tracking
loop noise bandwidth set to 10.5 Hz in UoSat-12; is the GPS receiver carrier to noise
power density ratio in dB/Hz; Tlf is the loop filter integration time stated to be 1ms in UoSat-12 
[44].
Since the measurements of GPS carrier phase difference are obtained from a pair of antennas,
G^PS ^Thennal(Antl) ^Thermal(Ant2) (3.5)
By assuming both antenna chains are suffering from same phase measurement error (since they use 
identical components),
G^PS ~ Thermal (3.6)
Thermal Noise Performance of 2nd Order PLL
0.9
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Figure 3.5 GPS receiver thermal noise performances
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From Figure 3.4, 44.6 <
C,GPS
Nr
< 49.6 dB-Hz corresponds to rms carrier phase difference
measurement error froma^pg = 0.46 mm to = 0.83 mm in carrier phase difference measurement
computed by Equation (3.6). This is the theoretical minimum noise, although in practice, there may 
be other sources of noise such as interference.
3.5 Data Distribution of The GPS Carrier Phase Difference Measurements
The UoSat-12 orbital period is not synchronised with the GPS satellites and UoSat-12 can have any 
arbitrary attitude when the GPS carrier phase difference measurements are made. These factors cause 
the collected GPS carrier phase difference measurements to be randomly distributed within the 
attitude hemisphere.
■►Y
X
Figure 3.6 Top View of UoSat-12 Attitude Hemisphere
The arbitrary distribution of GPS carrier phase difference measurements will not cause any 
inaccuracy in GPS attitude determination but it imposes difficulties in the analysis of multipath. As is 
discussed later in Chapter 5, the use of spherical harmonic mapping and (adaptive) least square 
estimation is designed to cope with this situation.
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3.6 Conclusion
In this chapter, the various error sources that degrade the accuracy of GPS attitude termination have 
been discussed. Various authors [1,2,14,17] have emphasised that multipath is the largest error source 
in GPS attitude determination. The difficulties in constructing a multipath map are exaggerated by the 
presence of line bias and measurement noise in the measured GPS carrier phase differences. In 
addition, the GPS carrier phase difference measurements are arbitrary distributed within the attitude 
hemispheres that require interpolation between measured data points to fill the gaps. A detailed GPS 
receiver thermal noise analysis have also been studied to estimate the error in GPS carrier phase 
difference measurements that were contributed by thermal noise. It is clear that in constructing the 
actual map, the effective noise and bias potentially obscuring the determination of multipath error is 
worsened by errors in the independent attitude determination.
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Chapter 4
4 Preliminary Experimental Results
4.1 Introduction
In this chapter, I will discuss the quality of the GPS carrier phase difference measurements data 
downloaded from UoSat-12. The data are cormpted by multipath, line bias, arbitrary half wavelength 
‘jumps’ and noise. Additionally, the data show an uneven and arbitrary distribution within the attitude 
hemisphere. In the second section, statistical studies are carried out to prove the existence of 
multipath effects. In the third section, spatial data binning used to extract multipath from the above 
error sources is presented. Following on, double difference GPS attitude determination is performed 
to see how effective GPS attitude determination would be without the benefit of multipath mitigation. 
The relationship between the disparity data and signal-to-noise ratio is also investigated.
4.2 Flight Data
The GPS carrier phase difference data available for carrying out multipath mitigation investigation 
were downloaded from UoSat-12 on:
1. 1 1 4 *  1 and 18* January 2000 with UoSat-12 Y momentum wheel activated, its attitude 
constrained within -1.5° to 3.5° range in roll, pitch and yaw.
2. 12^  ^ and 13‘^  July 2000, UoSat-12 was three axis stabilised, its attitude constrained within 
-13.0° to 7.0° in yaw except two 360° yawing manoeuvres. The roll and pitch are constrained 
within +/- 3.0°.
3. 19‘*^ to 25* Febmary 2001, UoSat-12 X-axis and Y-axis momentum wheel was activated, the 
attitude was constrained within +/- 40° roll angle, +/-18° pitch angle, +/-10° yaw angle.
4. 19* and 20* October 2001, UoSat-12 was performing roll, pitch and yaw manoeuvring, the 
attitude was constrained within -52° to 15° in roll angle, -25° to 35° in pitch angle and -15° 
to 25° in yaw angle.
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Date File Date File Date File Date File
(January Duration (July Duration (February Duration (October Duration
2000) (minutes) 2000) (minutes) 2001) (minutes) 2001) (minutes)
13""_V1 199.34 12‘‘’_V1 101.82 19«^ _V1 22.00 19‘*’_V0 59.67
14“’_V1 97.73 12**'_V2 235.02 19"'_V2 114.67 19*_V1 219.83
14**'_V2 175.00 1 3 \V 0 1448.25 20""_V0 16T83 19*_V2 51.67
17“^ _V3 13.12 2 0 \V 2 328.50 19“^ _V3 422.83
17""_V5 170.05 20"^ _V4 367T8 19‘"‘_V4 284.00
17""_V7 232T8 20‘*’_V6 18.50 20"'_V0 103.62
18"'_V0 101.63 20“^ _V7 2035
20*_V8 109.18
22"‘*_Vlb 429.69
22"^_V2 215.55
22"^_V4 639T5
22" _^V8 7 j#
23*^ _V0 675.00
23'^_V2 3635
23""_V3 499.38
24"'_V2 341.30
25*_V2 542.30
25"'_V4 32.53
25*_V6 593.33
Table 4.1 GPS Carrier Phase Difference Data
The content of each raw data file in Table 4.1 consists of GPS carrier phase difference measurements 
from each baseline z^p^, UoSat-12 positioning information and ephemeris of GPS satellite in view. 
The data was recorded in all channels per epoch of 10 second. The software was then written
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(previous student) to merge this data with ADS information. This software was able to predict the 
expected carrier phase difference, . As a result, the basic data reduces to a comparative plot of
G^Ps g^ i^nst z g^j, for one satellite over a period of typically 30 minutes while it is in view, taken
from Figure 4.1. These flight data were found to be of very low quality. As will be shown, beside the 
generic error sources in GPS attitude determination (multipath, integer ambiguities, line bias, noise 
and uneven and arbitrary data distribution), there are arbitrary half wavelength ‘jumps’. The GPS 
carrier phase difference data recorded on 13 July 2000 VO and January 2000 clearly shows the 
arbitrary half wavelength ‘jumps’ eiTor. The 13 July 2000 VO data for one pass will be used to 
illustrate typical data available ‘jumps’ problem as shown in Figure 4.1.
13 July 2000 VO SV20
200 ,-------------
'ADS Integer
Ambiguities
150 GPS
100
Half Wavelength 
’Jumps’
-200
.505 3.51 3.515
GPS Second
&52 3.525 3.53
,5xIO
Figure 4.1 Integer Ambiguities and Half Wavelength ‘Jumps’
The half wavelength ‘jumps’ are due to a software bug in the UoSat-12 GPS receiver which was 
corrected later in the measurement campaign but too late for this thesis. The integer ambiguities error 
is in the dimension of multiple wavelengths and it occurs when the baseline length is longer then a 
wavelength. An automatic software correction method has been attempted, unfortunately, it fails 
because I am not able to find a suitable threshold value to flip the data points back to their coiTcct 
value. As a result, the half wavelength ‘jumps’ and integer ambiguities have to be corrected manually.
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13 July 2000 V0SV20
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ADS150
GPS
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.505 3.51 3.515
GPS Second
3.52 3.525 3.53
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Figure 4.2 Integer Ambiguities and Half Wavelength ‘Jump’ Corrected
After the half wavelength ‘jumps’ and integer ambiguities were corrected, the and do 
correspond with each other although they have many imperfections. By immediate visual inspection. 
Figure 4.2 shows the marked deviation between and z^p^. The marked slow varying variation
in the difference between z^ ^^  and z^p^may begin to be attributed to multipath effect or ADS error.
13 July 2000 VO SV20
200
GPS
. 6^ '^  Order Polynomial Fit150
100
-150
-200
.505 3.51 3.515
GPS Second
3 52 3.525 &53
,5xIO
Figure 4.3 GPS Carrier Phase Difference Measurement Fitted with 6"' Order Polynomial
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Figure 4.3 shows one pass (SV20) of the measured GPS carrier phase difference fitted with a 6‘ 
order polynomial. By taking the rms of the noise standard deviation ^ ^ gps ten such passes, 
the average rms noise in was computed to be o^ pg =4.8  mm. The noise standard 
deviation of v^ p^ , in z^ p^  for each pass is shown in Table 4.2.
SV 20 Passes 1 - 6 *  Order Polynomial Fit 
V No. Of Data Point in Each Pass - 7
1 5.3
2 4.3
3 5.7
4 5.2
5 4.7
6 5.4
7 4.4
8 4.9
9 4.3
10 3.7
Table 4.2 Noise Measurements v^ p  ^ in z^p^
As compared to the theoretically computed noise in §3.4 of 0.83mm (worst case scenario), the
. 4.8measurements show that the noise standard deviation a^ pg of v^ p^  in z^ p^ IS
0.83
~ 6 times
greater. The deviation of measured as compared to the theoretically computed value could be
attributed to the assumption of the gain of GPS patch antenna being made. As stated in §3.4, the gain 
of the GPS patch antenna as quoted by the datasheet [46] is 4dBic. However, these antennas’ gains 
were never measured after they were installed on the UoSat-12, as theory of phase lock loop recovery 
shows (Equation (3.4)) lower SNR at input will give corresponding high v^p^. Additionally, there 
must be many other losses in the system, which are not known. Closer inspection of Figure 4.3 shows
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that there seems to be considerable correlation in the noise, which cannot be monitored easily by a 
low order polynomial fit.
The fourth problem that is evident in the January 2000 data but not the July 2000 data is the bias 
error. Figure 4.4 shows the gross error in the disparity data for four different time batches where the 
GPS receiver had been reset four times. The arbitrary and substantial offsets are maintained over each 
data run. Therefore, it is clearly not an effect due to temperature variation in the physical line.
1 0 0 r
January 2000
50-
co -50 ■ 
<
- 100 -
a.i. Batch 2
Batch 4
Batch 3
Batch 1
4.75 4.8 4.85
GPS Second
Figure 4.4 Bias Error
4.9
X 10
4.95
5
Since there was no opportunity to calibrate for actual line bias, the third batch of data in Figure 4.4 
cannot be assumed to be more accurate than the other batch. As a result, it is assumed that there will 
be a general and unknown bias error in all the data over each batch from causes which are presently 
unknown but believe to be caused by the GPS receiver RF front end.
Since the Uosat-12 was in manoeuvring mode for Febmary 2001 and October 2001, these two 
batches of data will not be used in the multipath calibration map constmction because the predicted 
carrier phase difference measurements from ADS are smoothed against the GPS carrier phase 
difference measurements in time when UoSat-12 is in manoeuvring mode. This effect is seen in all 
data. The worst case happened when UoSat-12 makes 360  ^yawing, which was shown in Figure 4.5.
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19 October 2001 SV1 VI
700
'ADS
"GPS600
500
ADS Smoothing Effect
100
4.4854.48 4.49 
GPS Second
4.495 4.5
.5X 10'
Figure 4.5 A D S Sm oothing E ffect
These GPS carrier phase difference measurements are then converted from spherical to Cartesian 
coordinates by,
X = sin(^)cos(^) (4.1)
y = sin(^) sin(^) (4.2)
where the disparity data z (Equation (2.14a)) are unevenly and arbitrary distributed within an attitude 
hemisphere as shown in Figure 4.6.
13 July 2000 VO January 2000
0 ".7-
■0.5
■0.5
X
Figure 4.6 D isparity D ata D istribution
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Therefore, the disparity data is very imperfect with an initial noise estimate of 4.8mm rms. It is 
clearly indicated tiiat there is no immediate way of separating in the disparity data, the tme multipath 
from the arbitrary bias error introduced by GPS hardware. Figure 4.6 indicates that there are 
a lot of data with good but irregular spacing across the attitude hemisphere; 30228 and 26712 for 13 
July 2000 VO and January 2000 respectively.
4.3 GPS Carrier Phase Difference Multipath Identification
Recall that from Equation (2.14a) the basic statistic is the difference between measured and the 
predicted which we will give the term disparity, z  . The determination of a^p in Equation 
(2.14c) can be expected to be cormpted by measurement noise and also un-calibrated bias
error due to the measurement system that is not associated with multipath. Despite the obvious 
deficiencies in data, the first aim was to try and see if a pattern can be discerned in the disparity data 
by plotting the disparity data in a two dimensional graph. The 13 July 2000 VO data was used to carry 
out this preliminary experiment because it is the longest span of data available, with 33415 data 
points. Before the data can be used, the arbitrary half wavelength ‘jumps’ and integer ambiguities 
need to be corrected by manual inspection. By assuming the bias error is a fixed constant, the bias 
error was removed by subtracting all the 33415 disparity data points with its mean and then the data 
were spatially binned. A direct colour coded plot of disparity, z in Figure 4.7 seems to show that the 
thermal noise in the disparity data completely obscures any overall pattern, which might be due to 
multipath.
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13 July 2000 VO Baseline 1 Disparity Data Plot
Azimuth
Co-Elevation;;;^ .^
180"hfe
(mm)
270
Figure 4.7 13 July 2000 VO Baseline 1
In order to find out whether there is a pattern in the disparity data due to multipath, these data were 
tabulated into bins.
4.3.1 Multipath Optimum Binning Concept
An optimum bin size can be found by monitoring the standard deviation of each bin while varying the 
bin sizes. When an optimum bin size is obtained, the standard deviation of each bin can be expected 
to be minimised; e.g. smaller bin size at place with higher rate of change of multipath. This is 
analogous to noise ‘riding’ on a sinusoidal signal (simulating multipath) in two dimensions. As 
shown in Figure 4.8, bin 1 and 2 have equal size and so do bin 3 and 4, but bin 1 is smaller than bin 3. 
The larger the bin size, the better is the rejection of noise but the worse is the resolution of multipath. 
Conversely, the smaller the bin size, the worse is the rejection of noise but better in multipath 
resolution.
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Binning Concept
Bin 3 Bin 4Bin 2Bin 1
Truth
a .
Mean 3"Mean 1 Mean 4VIean 2 L
100 150 200
Angle (Degree)
250 300 350
Figure 4.8 Binning Concepts
4.3.2 Multipath Binning Experiment
For this experiment, the resolution of the bins was initially chosen to be 10 in azimuth and sin —
6
(0 < X < 6 ) in elevation. The reason for separating elevation angle in such a way is to spread the data 
samples more evenly in each bin. Figure 4.9 shows the two-dimensional disparity data distribution 
recorded on 13 July 2000.
13 July 2000 VO Baselinel Data Distribution
-150 -100 -50 0 50
Azimuth (Degree)
100 150
Figure 4.9 Two Dimensional Data Distribution
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After the binning process, the mean and standard deviation of the mean of the bins were calculated. 
In order to prove the existence of multipath in the disparity data, the mean of each bin is plotted, 
ranked from left to right against the estimated standard deviation of the mean for each bin in Figure 
4.10.
Multipath Identification
Mean of Bins 
Estimated S.D of mean
3.-10
-20
-30
-40,
40 60 80 100 120 140 160
Bins Number
Figure 4.10 Multipath Identification with 13 July 2000 VO Data
In Figure 4.10, the means of the bins show a clear indication of significant and consistent multipath 
bias which is typically ranging from -32mm to 23mm compared to the standard deviation of the 
mean. The two dimensional phasor diagram in chapter 3 (Figure 3.2) show that multipath variation 
can reach a maximum of -l-/-48mm when the energy of the reflected path is equal to the direct path. 
Therefore, the multipath error range mentioned above is feasible.
4.4 GPS C arrier Phase D ifference M ultipath Extraction
4.4.1 Binning
The first attempt to extract GPS carrier phase difference multipath was by binning the disparity data 
spatially. Initially, the resolution of the bin size was chosen to be lO" in azimuth and sin"^  — (0 < x <
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6 ) in elevation. The mean, standard deviation of data and number of data points for each bin are 
plotted in Figure 4.11, 4.12 and 4.13 respectively to try to discern some pattern due to multipath.
13 July 2 0 0 0  VO B ase lin e  1 M ean (mm)
4 0
30
20
10
0
-10
-20
30
40
50
Co-Elevation
Figure 4.11 10® in Azimuth and sin — (0 < x < 6) in Elevation Binned Mean
6
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13 July 2 0 0 0  VO B ase lin e  1 Standard Deviation
80"{
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► 90"
Figure 4.12 10* in Azimuth and sin — (0 < x < 6) in Elevation Binned Standard Deviation
13 July 2000 VO Baseline 1 Data Points (mm)
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Figure 4.13 Number of Data Points in Each Bin for 10* in Azimuth and sin  * — (0 < x < 6) in Elevation
6
Binned
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In Figure 4.11, the multipath map is constmcted by binning the disparity data with lo" in azimuth and
sin — (0 < X < 6 ) in elevation and it suggested a definite spatial correlation of the multipath effect.
This is justified by observing from one bin to the next, there is generally the same colour. For 
example a cluster of highly negative is indicated in the azimuth region o f -60° to -90° at high 
co-elevation in Figure 4.11. Figure 4.12 shows that there is a high variation in the noisiness of the 
data, as it is expected that at high eo-elevation corresponding to a lower signal-to-noise ratio in the 
disparity data. The situation is further complicated by possible rapid change of multipath a^p within 
a bin which would add to the general noisiness at high co-elevation angle. In addition there are gaps 
at elevation angle (0° to 20°). The abrupt changes of bins’ mean as compared to their neighbouring 
bin and widespread of standard deviation across the attitude hemisphere might be due to rapid change 
of multipath within a bin. Therefore the immediate action was to reduce the bins size to 5° in
azimuth and sin“‘ ^  (0 < x < 12) in elevation as in Figure 4.14.
13 July 2000 Baseline 1 VO Mean (mm)
Co-Elevation > 9 0 °
Figure 4.14 5* in Azimuth and sin * (0 < x < 12) in Elevation Binned mean
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13 July 2000 VO Baseline 1 Standard Deviation (mm)
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Figure 4.15 5® in Azimuth and sin  * (0 < x < 12) in Elevation Binned Standard Deviation
13 July 2000 VO Baseline 1 Data Points Per Bin
k %
TV;
rrv' ^  V,
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Figure 4.16 Data Points in Each Bin for 5® in Azimuth and sin   ^—  (0 < x < 12) in Elevation Binned
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After the multipath map was reconstructed with a smaller bin size, more detail is seen and further 
confirmed the existence of localised multipath. The standard deviation of the finer grid multipath map 
is less scattered as shown in Figure 4.15. However, the data points available per bins were halved and 
there are more gaps in the multipath map with no data points available. As a result, the simple b inn ing  
method does confirm spatial correlation multipath, but with many limitations:
1. Limited quantity and random distribution of flight data does not allow a finer grid to be used 
to accurately construct the multipath map. Reichert [7] had grid the multipath map with 1® by 
Irresolution.
2. Due to the instability of UoSat-12 GPS receiver, the time span of the continuously 
availability of GPS carrier phase difference measurements without the GPS receiver reset is 
beyond control. This is an important issue because when the GPS receiver reset, it will 
introduce an arbitrary bias error shown in Figure 4.4.
The binning method is only suitable when there are a lot of GPS carrier phase difference 
measurements that could cover the whole attitude hemisphere. Interpolation is required for ’holes’ on 
the attitude hemisphere that is not fill with the disparity data points.
A brief investigation was also carried out to look for any correlation between the signal-to-noise ratio 
(SNR) as reported by the GPS receiver and the distribution of standard deviation in the multipath
map. The binning resolution used for this investigation is 5° in azimuth and s in " '^  (0 < x < 12) in
elevation. Figure 4.17 and 4.18 show that SNR and standard deviations are totally uncorrelated. These 
results are hard to explain since Figure 4.12 and 4.15 both show evidence of greater standard 
deviation at high co-elevation.
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Figure 4.17 Standard Deviations and SNR of Master Antenna Relationship
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Figure 4.18 Standard Deviations and SNR of Slave Antenna Relationship
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4.4.2 Double Difference GPS Carrier Phase Difference Measurement
Because of the real difficulties expected in making a meaningful multipath map, some preliminary 
experiments were performed to see how effective GPS attitude determination would be without the 
benefit of multipath mitigation. Anticipating however that there would be an arbitrary bias, it is clear 
that a double difference method is needed.
Double difference GPS carrier phase difference measurements are performed by measuring the GPS 
carrier phase difference from two GPS satellites at each epoch using 2 GPS antennas per baseline.
SV2
Antenna 1 VAntenna 2
GPS
Receiver
Figure 4.19 Double Difference GPS Carrier Phase Difference Measurement
The line bias, aops that is common to the measurement from the two GPS satellites is removed by 
taking their differences.
_ 4A
+ + ^ M Pl + ^ GPS + ^GPS, (4.3)
‘GPS 2
2%;
2k
+  ^ 2 ^ 4 -  C lj^ 2  " h  ^GPS  " b  ^GPS-, (4.4)
DD  (z^ j + ( ^ 1  ^ 2  "b iP'MPl M^P2 ) "b ^GPSi ) (4-5)
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The multipath error, and , will be treated as random noise at this stage. Predicted phase
difference from ADS will only be used as an initialisation for solving the integer ambiguities {ni and 
M2).
'^ADS (4.6)
k  = round A^DS G^PS
V
(4.7)
With the integer ambiguities recovered, the UoSat-12 attitude, Àgp^, will be estimated by
minimising the cost function, , of the double difference GPS carrier phase difference 
measurements.
X (4.8)
where, At^= ; As g = Sg^  -Sg^.
Flight data downloaded on 19^  ^October 2001 VI were used to carry out the experiment because this 
set of data has less half wavelength ‘jumps’.
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Figure 4 .20 C om pare A D S and D ouble D ifference G PS C arrier Phase D ifference A ttitude (R oll)
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Figure 4.21 C om pare A D S and D ouble D ifference G PS C arrier Phase D ifference A ttitude (P itch)
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19 October 2001 VI
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Figure 4.22 Compare ADS and Double Difference GPS Carrier Phase Difference Attitude (Yaw)
The UoSat-12 attitude, predicted with ADS and double difference GPS carrier phase difference are 
shown in Figure 4.20, 4.21 and 4.22. From these figures, the attitudes predicted with double 
difference GPS carrier phase difference were noisy and often quite wrong because the integer 
ambiguities have failed to be corrected.
4.5 Conclusion
In this chapter, the quality of the flight data downloaded from UoSat-12 was reviewed. The half 
wavelength ‘jumps’, line biases, ADS attitude determination lagging effect and arbitrary and uneven 
distribution of flight data were presented. The GPS receiver noise, , was also computed to be 
4.8mm by fitting the disparity data from 13 July 2000VO with 6^  ^order polynomial and averaging for 
ten passes of SV20. The deviation of measured Vgp^  as compared to the theoretically computed value
could be attributed to the assumption of the gain of GPS patch antenna being made. As stated in §3.4, 
the gain of the GPS patch antenna as quoted by the datasheet [46] is 4dBic. However, these antennas’ 
gains were never measured after they were installed on the UoSat-12. Additionally, there are all sorts 
of other losses in the system which we do not know about. Following on, the presence of multipath in 
the disparity data were proved statistically by comparing their mean and standard deviation of the 
mean after disparity data were binned in Figure 4.10. These results and early graphs suggest that 
some mean must be found for computing and then mitigating the effect of multipath before 
attempting attitude determination. Figure 4.10 is surely the conclusive plot, which shows variation
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from -32 to +23 mm corresponding to a massive error range of -2.8° to 2,0° (geometrical angle) and 
most certainly contributes (along with random GPS measurement noise) to the poor attitude 
determination. Following on, the disparity data are spatially binned to extract multipath, 
unfortunately, this method fails to generate a satisfactory multipath calibration map. Next, the signal 
to noise ratio of the received GPS signal and the scattering of standard deviation in the multipath map 
was found to be uncorrelated. These results are hard to explain since Figure 4.12 and 4.15 both show 
evidence of greater standard deviation at high co-elevation. Later on, double difference GPS attitude 
determination was performed to see how effective GPS attitude determination would be without the 
benefit of multipath mitigation. However, the attitudes predicted with double difference GPS carrier 
phase differences were noisy and often quite wrong because the integer ambiguities have failed to be 
corrected.
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Chapter 5
5 Modified Spherical Harmonic Functions
5.1 Introduction
As a result of the shortage of material in the literature, my supervisor, Dr. Stephen Hodgart, proposed 
a Spherical Harmonics analysis method based on spectral analysis. This method deals automatically 
with the bias error in the data per epoch, the arbitrary data distribution and the noise in the data by 
applying techniques derived from communication and stochastic theory. This chapter will start by 
developing a mathematical model for error sources in GPS attitude determination. The properties and 
the computation of basis function (spherical harmonics) used to represent multipath signals will be 
explained. Following on, the formulation of the least squares estimation used to compute the spherical 
harmonic coefficients will be presented. The goodness of fit will be used to assess the number of 
harmonic orders required to construct the multipath surface. However, the experimental flight data 
shows that the required spherical harmonic orders are far beyond what can be found in textbooks, and 
as a result, the method of developing higher order Legendre polynomials is studied. The construction 
of a multipath surface with polynomials was also studied since it is easier to compute as compared to 
Legendre polynomials. Due to the unequal noise variance across the attitude hemisphere shown in the 
flight data, a weighted least squares with self-adaptive weighting function might be able to further 
reduce the uncertainty in the developed multipath map. Following on, the statistical analyses used for 
assessing the overall quality of the multipath map are studied. Lastly, the F-ratio test was used to find 
the significant information that can be extracted from the disparity data and to remove the 
insignificant harmonic functions from the overall used harmonic functions.
Since this chapter consists of the theory developed by my supervisor Dr. Stephen Hodgart (MSH) and 
myself (RW), the contributions are separated by the abbreviation (MSH) and (RW) in the title of each 
section.
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5.2 Error Modelling (MSH)
Multipath is one of the most significant error sources in GPS attitude determination. However, in this 
research it is more appropriate to treat multipath as a signal, as we must try to extract it from the GPS 
carrier phase difference measurements in order to construct a multipath calibration map. The 
problems that hinder the extraction of multipath fi*om the GPS carrier phase difference residue consist 
of bias error, arbitrary data distribution and noise.
From Equation (2.14c), we may write for each measurement.
(5.1)
The problem is to try and estimate aj^p{6,(j)) where a^is an unknown bias error, which is not 
controlled and may vary over the span of data, and also noise is present (with zero mean). The 
disparity data, z, is made available in epoch 1 , 2 , with a count of satellites 1 , 2 , •••, y, Jper
epoch.
Figure 5.1 GPS Carrier Phase Difference Residue Data Format
The basic assumption to be made here is that while not controlled will not vary within the epoch. 
The basic model then is,
i^j =^MpiP A )  ij + (5.2)
For all data captured simultaneously by the GPS receiver in a single epoch, the measurements in a 
single epoch share the same bias denoted by [z]. The bias error can change from epoch to epoch,
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there will not be any bad effect in the final multipath map, provided shares the same bias within 
each epoch.
5.2.1 Arbitrary Data Distribution and Measurement Noise (MSH)
In order to construct a multipath map with arbitrary distributed z^ J, spherical harmonic functions are
used in a generalised Fourier series analysis. These orthogonal functions may be regarded as a 
mathematical template or basis function. This mathematical template of spherical harmonics 
(analogous to the Fourier series) can be used to reconstruct the multipath surface everywhere over the 
entire attitude hemisphere. Providing there is reasonable distribution of over the attitude
hemisphere, the mathematical template can fill in the gaps where there is no actual data. Following 
on, least squares fitting of these harmonics to the data are adopted here to provide maximum rejection 
of random noise, v„[/,y] for each measurement.
5.2.2 Multipath Model Development (MSH)
Given Equation (5.2), it is clear that the general task is to fit Zy to the spherical harmonic template, 
as in,
M
m=\
where ( ,^(^)  ^ represents the basis function and is its estimated amplitude.
To avoid explicitly estimating each â j\i\  (one for each epoch), it is convenient to find a mean in
each epoch with typically 4-6 measurements per epoch depends on the number of GPS satellites in 
view.
M
(5.4)
ffl=l
and subtract to
Zj, = z,j -  z[/] «  £  (64),^  (5.5)
m=l
where each,
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 (5.6)
•^ i y=i
The multipath model is,
^iJ=Y.^mP„(^>^)iJ+ynUJ] (5.7)
m=l
where [/, j ]  is an effective noise.
v„[î,y] = v„[î,y]
'^ i y=i
(5.8)
and the need to estimate each [z] has been made to disappear.
5.3 Basis Function -  Spherical Harmonic Functions (RW)
In order to represent the multipath map with a surface represented by the sum of basis functions, 
2  ’ fhe chosen basis functions need to be DC fi*ee and orthogonal.
m=l
5.3.1 Basis Function DC Free Properties (RW)
The basis function is DC fi-ee when the integral of every function is zero across the entire attitude 
hemisphere.
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Figure 5.2 Cartesian to Spherical Coordinate Transformation
^m{6)ded(l) = 0 (5.9)
5.3.2 Basis Function Orthogonal Property (RW)
The orthogonal property of the basis function allows the modelling of the multipath surface with 
gradually increasing harmonic orders. As the harmonics proceed to higher orders the amplitude of the 
lower order harmonic coefficients will not change substantially. In addition, the orthogonality favours 
the construction of a well-conditioned matrix in the least square estimation process.
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(5.10)
Since the disparity data, z, is a function of co-elevation and azimuth and spherical harmonics are 
designed to be orthogonal over the hemisphere and they are DC free, spherical harmonics are the 
natural choice of the basis function in this context.
5.3.3 Spherical Harmonic Property (RW)
Spherical harmonics are generalised Fourier series with orthogonal and DC free properties. Spherical 
harmonics have the general form [6 , 42]:
!=l
J,oP,o (cos 0) + ^ Pi^  (cos 6 »XC/, cos{m(f) + S,„ sin(m^)) (5.11)
where, and Si  ^are the coefficients of the spherical harmonic function to be determined
(equivalent to in Equation (5.7)) ; 7^  ^and 7^  ^are Legendre Polynomials, I is the spherical
harmonic order. By using Equation (4.1) and (4.2), the trigonometry function in Equation (5.7) can be 
converted to Cartesian coordinates, for computational efficiency.
M  ^ _
%J = +v„VJ'\ (5.12)
m=\
In order to map a hemisphere, only half of the spherical harmonic functions for each order are 
required (by choosing l+m is even of Equation (5.11)). When we see in terms of the variation of 6 ,
{ t u - 0 )  = F  ^{6) ,  giving symmetry about ^  [4]. An I+  m =  even and I+  m =  odd harmonic is
shown respectively in Figure 5.3.
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F3 0  = 5 cos {0) -  3 cos(^)
(Odd spherical Harmonic thnction)
°  -0.5
- 1.5
0 30 60 90 120 150 180
F31 = sin(^)(5 cos^(0 -1) 
(Even spherical Harmonic function)
I  0.5
2
- 0.5
0 30 60 90 120 150 180
Theta(Degroe) Theta(Degree)
Figure 5.3 Odd and Even Spherical Harmonic Function
This is analogous to Fourier series (F.S.),
a
F.S.(t) = cos{ncot) + sm{n(ot)
n=\
(5.13)
If the waveform contains only even harmonics, starting at / = 0, will be equal to zero. Since we
only need to calculate if the DC low level content is insignificant, the number of required 
harmonic coefficient will be halved.
F.S.(t)
> t
L
2
Figure 5.4 Even Harmonic Fourier Series Waveform
= — ^F.S.{t)cos{ncot)dt (5.14)
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By using Fourier series analysis as an example shown in Figure 5.4, the waveform at r < 0, is just the 
image waveform. Since spherical harmonics are used to map a sphere, but we only map a hemisphere, 
then only its even harmonics are of interest.
In order for the entire predicted spherical harmonic coefficients, , to be equally weighted, the
spherical harmonic functions need to be scaled in order to have equal power. Therefore, each 
spherical harmonic function will be multiplied by a scaling factor to make it orthonormal [4].
1
Scaling Factor X—  f sin(^)d^^^ = l (5.15)
2 ^  0 0
However, this use of spherical harmonic function does have two drawbacks. Since any ‘DC content’ 
in each epoch of measurements has been subtracted out (by implicit elimination of each <3^  [/] ), it is 
not possible to estimate an overall ‘DC content’ to the overall multipath. As a result, we cannot use 
the ‘DC term’ in the spherical harmonic series. In addition, spherical harmonics requires infinite 
harmonic orders to model abrupt changes in multipath map, which is an analogous problem to 
representing a square waveform in Fourier series (Gibbs’ Phenomenon).
5.3.4 Spherical Harmonics Computation (RW)
The spherical harmonics are computed by using Legendre polynomials [42]. The Legendre 
polynomials are computed by.
t h  A  r  A  r ,  1 - 1  ( c o s ' ( 0 - 1 ) "n order Legendre Polynomial = —  ------ — — —
(f(cos(0)"
where (cos' {6) - 1  ) is the Rodrigues’ formula [4].
The number of harmonics, m, in each harmonic order, n, is related by.
(5.16)
m = n + \ (5.17)
Page 5-8
Chapter 5. Modified Spherical Harmonic Functions
e.g. there are 5 harmonic functions in 4* order spherical harmonics expansion. A Legendre 
polynomial forms the first term of the harmonic number in each harmonic order. The following 
harmonic terms are computed by differentiating each subsequent term and dividing each term by their 
common multiplier. The spherical harmonics computation are demonstrated by developing the 4  ^
order spherical harmonic function as an example. The 4  ^ order spherical harmonics extracted from 
Equation (5.11) are,
00^40 (cos 6 >)+^P 4„ (cos <9 XC4„ cos(m<f>)+S^ „ sm(m( )^) = (cos 9)+
P4 i(cos^XQi cos(1^)+ 5 '4i sin(l(;)))+ 
P42 (cos 6 »XC42 cos(2 ^)+ sin(2{z5))+ 
P43 (cos ^ XC'43 cos(3 z^J) + , 5 4 3  sin(3{g)))+ 
P44 (cos ^ X^ 4 4  cos(4^) + 5"44 sin(4îîJ))
(5.18)
where J^q, 0 4  are amplitudes to be estimated.
From the Legendre polynomial, P4 0  (cos^) = 35(cos^X -30(cos^)^ + 3 , (cos is computed 
by differentiating, F^g(cosP), P^^icosO) by differentiating 0 ,(c o s^ )  and so on. After all the 
differentiating process. Equation (5.18) would be expressed as.
0 0 (3 5 0 ' - 3 0 c '+ 3 )+
sin(<9) {iF  -  3c) (C41 cos((z)) + 0 j  sin((^ )) +
sin'( 0  (7c' -1) ( C42 cos(2^) + 02 sin(2^)) +
sin^  (0 ) c ( C43 cos(3(g)) + 0 3  sin(3(z))) +
sin' (g) ( C44 cos(4^) + 0  sin(4( )^) (5.19)
where c = cos(^). Since only the even harmonic will be used to construct the multipath map, the even 
harmonic terms chosen from Equation (5.19) are,
0o(35c'-3O c'+3)+
sin '(0  (7c'-1) (C 42 cos(2^)+02 sin(2^)) +
sin' (e) ( C44 cos(4( )^+ 0  sin(4(g)))
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For computational efficiency, the trigonometry terms in Equation (5.20) will be converted to 
Cartesian coordinates by using Equation (4.1), (4.2), (5.21) and (5.22).
c o s ( 0 ' = l - s i n ( 0 ' = 1 - x ' - y '  (5-21)
sin(^)" cos(M^) + 7  sin(0" sin(«^ )^ = (% + j y Y  (5.22)
After the trigonometry terms in Equation (5.20) were converted into Cartesian coordinates. Equation 
(5.20) can be rewritten as.
0 o (2 5 ( l-x '  - y ' ) '  -30(1-% ' - y ' )  + 3)+
C 42(6-7x'-7y')(x'-y') +
0 ; ( 6 - 7 x '  -7 y ')(x ' -y ')(xy) +
C 44(% '-6% '/+ /) +
0 ( 4 x ' y - 4 ; y " )  (5.23)
The terms in Equation (5.23) can be check by Equation (5.9) to ensure their DC free property and 
Equation (5.15) can be used to find their scaling factor. The set of 4* order spherical harmonics used 
as a template for constructing the multipath are.
00■^■^(25(1 - y ^ Y  -30(1-% ' - y ' )  + 3)+
C „,& 6-7x^-7y^)(x^-y^) +
V 16
0 2  j y ( 6 - 7x' - 7 y ')(x ' - y')(xy) +
C443/-^(%' -6%'y' +y' )  +
0 j^ (4 % 'y -4 A y ') (524)
where 0 o , Q . , 0 ? ,  C , , , S aa are to be best fitted to the data.
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5.4 Classical Least Square Estimation (MSH)
The aim is to minimise the cost function, S , by least square estimation to get a best fit between 0 . 
and the spherical harmonic template, ^  {Xy, y  y ) ,  for maximum noise, v„ [/, j ]  rejection.
m=l
I  J  (  M  ^ ^
i=\ j= \ V m=\ (5.25)
In order to minimise the predicted spherical harmonic coefficients, À ,
d s
V m=\
=  0 (5.26)
Rewriting Equation (5.26) in vector form.
1=1 7=1 1=1 7=1 1=1 7=1
± É z / , ( w ) '
1=1 7=1
/=1 7=1 <=1 7=1
• Z Z -FX ',7)& (V )
/=1 7=1
=
1=1 7=1
I  J  '  I  J  ’
É É f .( ' ,7 )f ,( ' ,7 )  ■
_ /= l  7=1 1=1 7=1
■ Z Z ^ j ( w )
1=1 7=1
Â .
Z Z ^ y .o . / )
_1=1 7=1
or
where.
I J
(5.27)
and \ < m < M  (5.28)
i=i J=\
Since 0  is a symmetric matrix, it can be constructed by letting 0  . = 0 .  .
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It is important to note that the orthogonality of the basis functions is made apparent at the main
diagonal of the O matrix having most of the ‘energy’ with correspondingly little off diagonal. This 
desirable feature is believed to make the matrix easily invertible even at very high dimensions. This 
property is not shown by the non-orthogonal polynomial (refer to §6.5).
I J
(5.29)
1=1 M
Finally, by matrix inversion, which can be solved by Gauss Jordan Elimination Method [43],
(5-30)
5.5 Goodness Of Fit Test (RW)
In order to find out how well the fit between the multipath surface and Zy , the sum of squares, S .^, of 
the residue shall be computed [4].
I  J  (  M  ^ ^
■5. = É Ê1=1 j= \ V m=l
The estimated variance of the fit between the multipath surface and Zy is [4],
(5.31)
(f ^  = ----------:--------  (5.32)
K - M - l - l
where K  is the total data points; Mis the total harmonic number, /  is the total number of epochs.
However, if the spherical harmonic orders used to construct the multipath are too low, will be 
over-estimated due to the system modelling error.
This is analogous to assessing the errors in polynomial curve fitting, which includes monitoring of 
system modelling error and error in the fitted curve. When a curve is under-fitted, the residual 
between the raw data and the estimated fit will over estimate the variance because the residuals 
consist of noise and the un-modelled harmonics, which are termed system modelling error. On the
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other hand, when the curve is over-fitted, insignificant higher terms in the polynomial will be 
included. The insignificant harmonics will not improve the fit significantly due to their small 
amplitude.
Polynomial Fitting
Truth 
2"^ Order 
Order 
4^  ^Order
X(mm)
Figure 5.5 Polynomial Fitting
Truth 2”“ Order 3"“ Order 4^ Order
X"(mm) 0.0 -5.1553 0.0586 - 0.8422
(mm) 0.2 6.3713 0.3264 2.0338
X^  (mm) 0.3 -1.2196 0.2692 - 0.4827
X^  (mm) -0.1 - 0.0983 0.0171
X'* (mm) - 0.0057
Variance (mm )^ 3.00 6.49 3.01 2.94
Table 5.1 Polynomial Coefficients Amplitude
Following Bar-Shalom [45], a curve with 3^*^ order polynomial was synthesised to explain the 
curve under-fit and over-fit phenomena in Figure 5.5 and Table 5.1. The synthesised polynomial
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coefficients are shown in Table 5.1, column 2, designated as ‘Truth’. A Gaussian noise with 3mm  ^
variance is added to the ‘Truth’. The ‘Truth + Noise’ data points are then fitted by using the 2“*^, 3""^ 
and 4* order polynomial with least square estimation. The variance of the 2”^  order polynomial fit 
consists of the system modelling error and noise, therefore it is much higher than the true noise 
variance. When the polynomial fit was increased from 3*^*^ to 4* order, their variances reach an 
asymptote. By performing a 4* order polynomial fit, the coefficient for 4* order polynomial 
models a non-existing harmonic, which represents noise. The accuracy of the fit will deteriorate if 
is included in the model. This shows that a 3^  ^order polynomial fit is adequate for the fit.
Flight Data,
NoAdequate Harmonic?
Yes
Multipath Map, ^  (6, (/))
m=\
Goodness Of Fit
Remove Insignificant Harmonic
Least Square Estimation
Spherical Harmonic Template, {0,(j))^ J
Figure 5.6 Multipath Map Estimation Algorithm I
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5.6 Multipath Map Construction by Polynomial (RW)
The polynomial power series is able to approximate any continuous function over a finite interval to 
any degree of precision. The basis function for a two-dimensional polynomials consist of . The 
multipath surface represented by polynomials has the form,
P( Xy, yy)  = À^x + À^y + À^x  ^ + A^xy + A^y^ + + A^x^ y  + A^xy^ + ^ 9  +•••
A polynomial has the advantage that its basis functions are easier to compute as compared to 
spherical harmonic. However polynomial basis functions are non-orthogonal and there are DC offsets
when the degree of both x and y  products are even; e.g. x^, y^ , x^y^ and so on. As a result these 
DC offset terms need to be subtracted by a constant to be DC Free, so
k  y),j -  constant) sin((9)rf6Wj!l = 0 (5.34)
c
After the DC offset has been removed from the even product polynomial basis function, the 
polynomial will be DC free and obey the rules in Equation (5.9).
5.7 Weighted Least Square Estimation with Self-Adaptive Weighting 
Function (MSH)
As compared to classical least square estimation, weighting could be added to the weighted least 
square estimation due to expected unequal noise variance in the data. The omni-directional GPS patch 
antennas with 4dBi boresight gain on-board UoSat-12 were used to collect the GPS carrier phase 
difference data. The measurements collected with GPS satellites at high co-elevation angle are 
expected to be noisier as compared to the measurements collected at low co-elevation angle. The 
reasons might be due to UoSat-12 GPS antenna gain roll off at high co-elevation angle, roll-off of 
GPS satellite transmitted signal power and more edge perturbation (diffract multipath) on object 
surrounding the GPS antenna onboard UoSat-12. Additionally, errors due to ADS on UoSat-12 could 
also be greater, particularly yaw when GPS satellite is at high co-elevation angle.
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Initially, the spherical harmonic coefficients were predicted by using classical least square estimation
(§5.4). The residuals, (Equation(5.35)) with higher noise at larger co-elevation angle were
observed from the flight data as a function of co-elevation from UoSat-12 satellite to GPS satellite as 
in Figure 6.13 and 6.24.
(5.35)
m=\
As a result, hopefully the weighted least square estimation might be able to reduce the rms error in 
the estimated multipath map as compared to classical least estimation in §5.4. The necessary theory 
for weighted least square estimation is given in [4].
In order to formulate weighted least square estimation. Equation (5.25) is generalised to include a 
locally estimated noise variance of each measurement.
/=! j= \  ( J ÿ  V m=\ y (5.36)
Let,
P,j
where is an equivalent weighting.
From Equation (5.37) the parameter â l  is clearly the estimated mean square noise when = 1 and 
is given by [4],
I J
_ '=1 y=i_____
" K - M - I
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The denominator is the degree of freedom of the system, where, K  is the total number of data points; 
M  is the total harmonic number; I  is the total number of epoch; and is the dimensionless localised 
weighting factor.
The nearest information on the unknown (j^ is the random r^ , to which terms are added as in [4],
M  M
(5.39)
Z P ,P,J
7=1
2
where — — takes into consideration the error in the calculated mean of each epoch when
Z P < j
7=1
M  M
removing the measurement bias error a^[i\ and j )F ^{ iJ )  is the error in the
m=\ l=\
estimated spherical harmonic while computing r^ .
The data crl is itself scattered. It is necessary to use this data to estimate a smooth function â l , 
which will be assumed to be just a function of elevation angle and conveniently the cosine Cy.
= ^0 + + ^ 2Cy + • • • (5.40)
where c.j is the cosine of co-elevation of the measurements and are the polynomial coefficients.
The reason to make â l  a function of co-elevation is because of the expected corresponding signal-to- 
noise variation with the gain of the GPS antenna (i.e. co-elevation angle).
It is convenient to scale p^ according to.
p - Ao+Ai-t-AjF
Ao-kAiC^ +A2C^+. ' .  (5.41)
Then >0^ =1 for c^=l, â l = â ] , which establish noise level at 0° co-elevation.
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The weighted least square estimation, can then be implemented as follows,
J<
z m = —^  (5.42)
Z p ,
7=1
=   (5.43)
ZP.J
7=1
Z . (5.44)
/=1 7=1
1 J
, ^ ^ 1 < M  and l < m < M  (5.45)
i=i j= \
5.7.1 Adaptive Weighting Function Algorithm (RW)
The adaptive weighting function algorithm is an iterative algorithm used to compute the polynomial 
coefficients in order to get the best fit between â l  and . For the first pass, Py is set to have a
value of 1 for all its elements. Following on, Zy and F^{x,y)y were computed using Equation 
(5.42) and (5.43) to remove measurement bias error. Then Aj  ^ were estimated with the weighted 
Correlation Vector Z and Phi Matrix O from Equation (5.44) and (5.45) by weighted least square 
estimation. Next, individual (jl  values were computed according to Equation (5.39) and the râ  order
polynomial fitted by least square estimation as in Equation (5.40). Then using Equation (5.41) 
individual weights were computed and then the entire process iterated starting from Equation (5.42).
This process takes between 15 to 20 iterations for â l  to converge. Figure 5.8 is the illustration of the
Weighted Least Square Estimation block from Figure 5.7.
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Flight Data,
Weighting Function
Polynomial Coefficients 
stabilised?
No
Yes
NoAdequate Harmonic?
Yes
Multipath Map,
771=1
Goodness of Fit
Remove Insignificant Harmonic
Weighting Function Derivation
Weighted Least Square Estimation
Spherical Harmonic Template,
Figure 5.7 Multipath Map Estimation Algorithm Flowcharts
Page 5-19
Chapter 5. Modified Spherical Harmonic Functions
Noâ l{n )  Stabilised?
Yes
Estimate A,
Compute Pij
Construct Z and O matrices
Compute Z.J and F^{x,y).j
m=\
Fit àfj with by Standard Least Square Estimation
cr,: = r.r +
M  M  
m=\ l=\
Figure 5.8 Weighted Least Square Estimation Block Diagram
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5.8 Statistical Analysis (MSH)
Since there is no a priori knowledge of what the ‘irregular’ multipath map will look like, an ad-hoc 
statistical technique was adopted to assess the quality of the constructed multipath map.
5.8.1 Multipath Uncertainty Test (MSH)
The spherical harmonic template is used to fit the multipath surface in this work. The multipath map 
error, is assessed by the error covariance between the disparity data Zy and the constructed 
multipath surface, which can be estimated by [4],
(e^ ^  =  (Ty X TracJ^~^ ) (5.46)
The computation of is valid only if:
1. All the significant harmonics in the GPS carrier phase differences residue measurements are 
modelled; to prevent underestimating •
2. When the spherical harmonic orders used are sufficient to include all the significant 
harmonics, those individual harmonic terms that have relatively insignificant amplitude need
to be removed to prevent overestimating •
5.8.2 Multipath Map Trueness (RW)
The trueness of the multipath map can be tested by using two sets of uncorrelated (here we are 
assuming that error between data set are uncorrelated except multipath) disparity data obtained from 
different days or splitting a set of the disparity data randomly into two independent parts. Each set of 
data will be used to reconstruct the multipath map individually. Since the multipath is caused by the 
structure of spacecraft, these two multipath maps should look identical and their similarity will be 
tested. The similarity of the multipath maps can be computed by taking the sum of squares of their 
entire individually estimated spherical harmonic coefficients.
(5.47)
m=\
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If the difference of the two multipath map are due to the noise in each individual multipath map,
m=l
Since the data is split into halves and squaring the sum of square of their entire
/n=l
individually estimated spherical harmonic coefficient, Sj^ p is 4 times worse than before the data 
is split.
4 4 .V-.FJ (5.49)
A cross check can be performed by generating synthetic data with Gaussian noise in it and set 
= 0 . The value in the predicted spherical harmonic coefficient 2^ is due to the noise in the data, 
therefore,
M
È ( ^ }  = = 4 )  (5.50)
m=l
This is the basic measure of the success of the overall technique because it tries to estimate the 
multipath environment firom two independent sets of data.
5.8.3 Multipath Map F-Ratio and Insignificant Harmonic Removal Study (RW)
In §5.5, the goodness of fit test was used to estimate the number of spherical harmonic orders 
required to construct the multipath map. This section will use the multipath signal to noise ratio to 
find out the amount of information that can be extracted from the disparity data with increasing 
spherical harmonic orders. The aim is to extract all the significant multipath harmonic components, 
while absorbing minimum noise, in the estimated multipath map by removing the harmonic 
components where the amplitude of their coefficients are insignificantly small. Removing the
amplitude of the estimated spherical harmonic coefficients, 2 ^, that are insignificantly small to
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match the true harmonic structure of the multipath is analogous to matching the impulse response of 
the low pass filter.
The bottom line of this multipath map signal-to-noise ratio test is still based on splitting one set of 
data into two uncorrelated parts. The estimated mean square multipath, is the multipath signal 
plus measurement noise power [4],
M
(5.51)
tn=l
By multiplying the amplitude of the spherical harmonic coefficients estimated fi*om one half of the 
data ^^[1], with the second half of the data [2 ] ,  the effect of measurement noise will cancel out
from their internal correlation. As a result, the signal power of the multipath map â l .  [4],
(5.52)
. = 1
The output noise estimate in the constructed multipath map, <7 ?., is
A^A [l]~ [^]) (5.53)
^ m=l
In order to find how much multipath signal power is absorbed with increasing spherical harmonic 
order, the F-ratio [4] for each increase in spherical harmonic order is computed for the newly 
included spherical harmonic functions. For example the spherical harmonic order is increased from 5 
(20 functions) to 6  orders (27 functions), F-ratio test will be used to compute the 21®‘ to 27* function.
'pp +1 (5.54)
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where,
- - W .+ 1  [i]~ ^.+1
Signal Power + Noise Power . , . , . . ,  . , . . ,
Since, r  = --------------------------------------- , if r  % 1 when the spherical harmonic order is increased
NoisePower
to the next higher order, then the extra spherical harmonic term review only noise and signifies that 
no useful significant spherical harmonic terms have been included.
When the order of spherical harmonic orders are high enough to include all the significant harmonic 
functions, the list of the estimated spherical harmonic coefficients are re-examined to remove the 
estimated spherical harmonic coefficients whose amplitude are insignificantly small. The criterion for 
removing the insignificant harmonic coefficients is by choosing.
7] will be increased from 1,2,... until,
meM
meM
where, and consist of the removed insignificant harmonic coefficients. If Fp is » 1 ,
meM  meM
then some of the significant harmonic coefficients have been removed. After the insignificant 
harmonic coefficients have been removed, (Equation (5.38)) and (e^'j (Equation (5.46) and
(5.49)) will be recomputed to make sure that does not increase significantly and the error of the
multipath map has been reduced. The processing gain of this technique is the value of
(Equation (5.32)) computed at the highest spherical harmonic order with least square estimation
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divided by, (Equation (5.53)) computed with weighted least square estimation at highest 
spherical harmonic order.
Processing Gain = 10Log 10
(^LSE)
-2
^A4(WLSE)
(dB) (5.58)
5.9 Conclusion
This chapter reviewed the theory used to construct the multipath map. An error model was developed 
to model multipath, bias error and measurement noise. The properties and computation of the 
spherical harmonic template used to construct the multipath map was discussed in detail. Initially, 
classical least squares estimation was used to estimate the amplitude of the spherical harmonic 
coefficients. The goodness of fit was used to study the order of spherical harmonic template required 
to map the multipath surface. Due to unequal noise variance in the data as a function of elevation, 
weighted least squares estimation with self-adaptive weighting function is used, to attempt to improve 
the accuracy of the developed multipath map. The error of the developed multipath map was tested 
theoretically (Equation (5.46)) and by data splitting (Equation (5.49)). Their spherical harmonic 
coefficients were separately estimated and compared. The F-ratio test was used to find significant 
information that can be extracted fi-om the disparity data as the order of spherical harmonic template 
was increased. Finally, the criteria for dropping the insignificant spherical harmonic functions was 
discussed, following on by the method for calculating the processing gain of this technique in 
measurement noise suppression.
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Chapter 6
6 Experimental Work
6.1 Introduction
This chapter will show the experimental results obtained in the process of multipath map 
construction. Initially, synthetic disparity data are generated with equal noise variance across the 
attitude hemisphere and standard least square estimation (LSE) is used to estimate the spherical 
harmonic coefficients. Following on, the standard LSE using a 12‘^  order spherical harmonic template 
is used to estimate the spherical harmonic coefficients of the flight data. Then, the spherical harmonic 
template is extended to 22"^  order and the spherical harmonic coefficients are re-estimated. The 
multipath map template constructed with polynomial expansion will also be experimented. Due to 
unequal noise variance in the flight data as a function of elevation, weighted least squares estimation 
with a self-adaptive weighting function is used to compute the spherical harmonic coefficients. The 
error of the estimated multipath map is investigated and the amount of information extracted from 
flight data as the spherical harmonic order increased is studied with F-ratio test. The F-ratio test is 
also used in removing the insignificant spherical harmonic functions. Finally, the processing gain of 
the technique used in multipath map constmction will be evaluated.
6.2 Simulation I -  Least Square Estimation
The simulations were set up to test the multipath surface constmction algorithm with computer 
generated synthetic disparity data. The synthetic data were randomly distributed across the attitude 
hemisphere. Two sets of synthetic data were generated for this simulation,
1. Ideal data
2. Noisy data (Ideal data + Gaussian noise level of 1 mm rms).
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Synthetic GPS Carrier P hase Difference Residue Distribution
0.5
-0.5
-0.5 0.5
X
Figure 6.1 Spherical Harmonic - Synthetic Flight Data Distribution
In Figure 6.1, axes y  represent the projection of a hemisphere into a circular plane with Equation 
(4.1) and (4.2). Least square estimation is used to fit these two sets of synthetic data to the spherical 
harmonic template and the variance between the fit for each set of data were computed.
6.2.1 Scenario 1: Ideal Data
The synthetic disparity data were first generated assigning equal amplitude spherical harmonics up to 
4* order spherical harmonic functions (Table 6.1). The synthetic data set has a length of 20 epochs 
with 4 data points m each epoch. Data points were randomly located m the attitude hemisphere. A 
corresponding quasi three-dimensional plot of Figure 6.2 shows perturbation (+z direction) of the 
simulated multipath.
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Ideal Synthetic GPS Disparity Data
Data Points
True Multipath Surface 
Predicted Multipath Surface
►  X
Figure 6.2 Ideal Synthetic GPS Disparity Data
In Figure 6.2, the data points (ideal) were used as an input to the multipath prediction algorithm. The 
predicted multipath surface give a perfect fit with the synthesised ideal multipath path surface, with 
à  =0.00 mm (Equation (5.32)). Equation (5.2) to (5.8) were used to model the data and subtract each 
epoch averages. Equations (5.25) to (5.30) were implemented for the estimation process. This test 
validates the harmonic analysis, as far as noiseless data is concerned.
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Spherical Harmonic Coefficient Tme (mm) Predicted (mm)
Ai 1 1.00
A.2 1 1.00
A3 1 1.00
At 1 1.00
As 1 1.00
As 1 1.00
A? 1 1.00
Ag 1 1.00
A9 1 1.00
Aio 1 1.00
All 1 1.00
Ai2 1 1.00
Ai3 1 1.00
Ai4 1 1.00
Table 6.1 Comparisons of True and Predicted Spherical Harmonic Coefficients
6.2.2 Scenario 2: Noisy Data
The synthetic disparity data were again generated witii equal amplitude spherical harmonics up to 
order spherical harmonic function. This time, random noise of 1mm rms is added to the synthetic 
disparity data. The synthetic noisy disparity data set has a length of 20 epochs with 4 data points in 
each epoch.
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Noisy Synthetic GPS Disparity Data
(+z)
Data Points
True Multipath Surface 
Predicted Multipath Surface
Figure 6.3 Noisy Synthetic GPS Disparity Data
In Figure 6.3, when the noisy data points were used as an input to the multipath prediction algorithm, 
the predicted multipath surface deviates from the synthesised ideal multipath path surface. The 
estimated (7 = 1.07 mm agrees very well with the 1mm rms Gaussian noise superimposed on the ideal 
data points. The error was calculated using Equation (5.31) and (5.32).
Spherical Harmonic Coefficient True (mm) Predicted (mm)
Ai 1 1.09
A2 1 0.91
A3 1 0.97
A4 1 0.91
As 1 1.06
Aô 1 1.19
At 1 1.06
As 1 0.96
Ay 1 1 . 1 1
A10 1 1.03
All 1 0.97
Ai2 1 0.99
Ai3 1 1 . 2 0
Ai4 1 1.04
Table 6.2 Spherical Harmonics - Comparisons of True and Predicted Spherical Harmonic Coefficient
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6.2.2.1 Noisy Data - Check
In order to check {e j  used for estimating the error in the constructed multipath map as in Equation
(5.46), the synthetic data were again generated up to 4*'’ order spherical harmonic function and 
random noise of 1mm rms is added to the synthetic disparity data. This time, all the amplitude of the 
spherical harmonic functions was set to zero. The synthetic noisy disparity data set has a length of 50 
epochs with 5 data points in each epoch.
<e > Test with Noisy Synthetic GPS Disparity Data
Data Points
True Multipath Surface 
Predicted Multipath Surface
Figure 6.3a Test with Noisy GPS Disparity Data
In Figure 6.3a, the noisy data points with all the amplitude of the spherical harmonic functions set to
2 'zero were again used as an input to the multipath prediction algorithm, (e j is estimated to be 0.07 
and ^  ) is computed to be 0.09mm  ^which satisfies the condition in Equation (5.50).mm
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Spherical Harmonic Coefficient Tme (mm) Predicted (mm)
Ai 0 -0 . 0 1 1
A2 0 -0.136
As 0 0.140
A4 0 -0.134
As 0 0.006
Ae 0 0.107
A7 0 -0.038
Ag 0 0.008
Ag 0 -0.062
Aio 0 0.109
All 0 0.035
Ai2 0 0 . 0 2 2
Ai3 0 -0.047
Ai4 0 0.071
Table 6.2a Spherical Harmonics - <e > Test
The simulation therefore served to give confidence in the overall method and also help in debugging 
the multipath prediction software.
6.3 Multipath Map Construction Phase I -  Up to 12*** Order Spherical 
Harmonics
With the promising results obtained through the simulation, the multipath map prediction algorithm 
was applied to real flight data dated 13 July 2000 VO. There were approximately 33,000 data points 
across the attitude hemisphere. All the experiments from this point onwards to the end of this thesis 
are carried out with GPS carrier phase difference measurement obtained from Antenna 1 and 2 
(Baseline 1) from UoSat-12 (see Figure 2.5). The analysis begins with spectral analysis up to order 
spherical harmonic template to map the multipath. The basic plot is of a least square fit, using 
spherical harmonic analysis of the basic disparity data according to Equation (2.14c).
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Figure 6.4 13 July 2000 VO Multipath Map constructed with J*** Order Spherical Harmonic Template
As explained in §4.2, ‘hand conditioning’ of the data was necessary to remove half wavelength 
‘jumps’ and integer ambiguities. As explained in §5.2.2, for every epoch, the average phase 
difference residue was computed and subtracted from data (see Equation (5.5)). The appropriate sized
matrix was constructed according to Equation (5.27) and the linear equation solved for by
matching against the Z vector as in Equation (5.29). The multipath map resolved up to 4‘'^ order 
spherical harmonic template obtained my first promising result. For N=4 order spherical harmonic fit, 
the actual number of harmonics are M=\A. As Figure 6.4 shows, spectral analysis allows 
reconstruction of the multipath map everywhere, even if the basic disparity data is unevenly sampled 
across the attitude hemisphere.
The highest orders of the spherical harmonic template were then incremented to 12* order.
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Figure 6.5 13 July 2000 VO Multipath Map constructed with 12 Order Spherical Harmonic Template
When the 4* and 12* order multipath maps are compared as in Figure 6.4 and 6.5, the 12* order 
multipath map shows a greater detail of the multipath in the attitude hemisphere. Figure 6.5 needs 
M=90 harmonics and it shows clear evidence of large multipath errors at low elevation angles (on the 
edge close to the outer circle). This is explained readily from the physical constmction of UoSat-12. 
There is no line of sight view between the GPS antennas and GPS satellites below 15^  elevation 
angle, because the other scientific sensors surrounding the GPS antennas block the view. From this 
evidence, it was decided to reject the flight data below 20® (give extra 5® safety margin) elevation 
angle and the multipath maps were recomputed. Figure 6.6 and 6.7 show the modified results after 
using this elevation filter.
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Figure 6.6 13 July 2000 VO Multipath Map constructed with 4* Order Spherical Harmonic Template and
20* Elevation Filtering
-0.5
0.5
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Figure 6.7 13 July 2000 VO Multipath Map constructed with 12* Order Spherical Harmonic Template
and 20* Elevation Filtering
By comparing the multipath maps before and after the elevation filtering, it is seen that the extreme 
fluctuation values at the low elevation angle of the maps are removed.
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Figure 6.8 13 July 2000 VO Elevation Filtering
Figure 6.8 shows the estimated noise variance using Equation (5.31) and (5.32). As discussed in §5.5,
the <J^  statistic will show influence of system modelling error as well as random noise. As explained
earlier 0^ is an ideal estimate of all the random errors in disparity data (excluding bias to multipath 
error), and also includes system modelling error (due to insufficiency order of the harmonics 
functions). Figure 6.8 seems to be a clear indication of reducing system modelling error with 
increasing harmonic orders. As the order of the spherical harmonic function is increasing, the 
constructed multipath map seems to give a better fit to the disparity data, as shown by the decrease in
the estimated variance with increasing spherical harmonic order.
In Figure 6.8, it is seen that by filtering the measurement below 20° elevation angle, reduces by
about 15 mm^  at each harmonic value. However, with or without filtering is still decreasing after 
the multipath map is constructed up to 12^  ^ order spherical harmonic template. This phenomenon 
suggests that, the order of spherical harmonic template needs to go higher than 12* order.
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6.4 Multipath Map Construction Phase II - Up to 22"** Order Spherical 
Harmonic
The highest Legendre polynomials that can be found in the textbook [42] is up to 12* order. In order 
to construct higher order spherical harmonic template to map the multipath surface, the Legendre 
polynomials needed to be further computed up to a higher order. Experiments found that it was 
possible to go as high as 22"° order using MATLAB on a desktop computer (higher then that ran into 
random access memory limitation). To go to 22"° order requires computing 275 terms and the 
inversion of a matrix of these dimensions.
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> -  0
0.5
- 1
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-0.5 0.5
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50
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Figure 6.9 13 July 2000 VO Multipath Map constructed with 22"^  Order Spherical Harmonic Template
and 20* Elevation Filtering
As expected, the multipath surface in Figure 6.9 shows even more detail when compared with Figure 
6.7. Comparing Figure 6.9 and 6.7 and again with 6.6, it seems that the map of the same object is 
being created but with increasing detail. Figure 6.10 shows evidence that even higher harmonic 
numbers are necessary in order to extract the maximum detail. As far as is known, this is the highest 
resolution multipath map, which has ever been created from in-flight, on-board experimental data for 
low Earth orbit satellites. It is of course necessary to establish the significance of the detail revealed, 
and to show that it is not just a random effect, (refer to §6.7).
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13 July 2000 VO 20° Elevation Filtering
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Figure 6.10 13 July 2000 VO Multipath Map Goodness Of Fit
In Figure 6.10, <7^=152.8mm  ^ at 22"^  order of spherical harmonic and is still decreasing, although
the gradient of the curve is decreasing gradually as the spherical harmonic order is increased. 
Unfortunately, 22"^  order spherical harmonic template fit is the highest that can be achieved, with the 
computing facilities available.
6.5 Simulation II -  Construct Multipath Surface With Polynomial 
Template
Because of the practical limitation to 22"^  order of spherical harmonics, and as discussed in §6.4, an 
alternative basis fimction is to use non-orthogonal direct polynomial fit to the data, which in theory 
requires much less prior calculation and could allow even calculation to higher order. The theory of 
polynomial template fitting is explained in §5.6.
A simulation was set up by generating the synthetic disparity data with the polynomial fimction, to 
test its ability in multipath map construction. The ideal data was randomly distribution across the 
attitude hemisphere. The quantity of synthetic data was 50 epochs and each epoch contains 5 data 
points.
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Synthetic GPS Carrier Phase Difference Residue Distribution
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X
Figure 6.11 Polynomial - Synthetic Flight Data Distribution
The entire polynomial coefficients used to generate the synthetic disparity data are assigned to be 
equal to one (^j = ^ 2  ~"'^m  =1)- At low order the calculation appeared to run satisfactorily. 
However, when the polynomial function reached 14* order, the predicted polynomial coefficients 
start to lose their accuracy.
Polynomial coefficient 
Number^
Truth Polynomial 
coefficient
Predicted Polynomial 
coefficient
D iag(0)
60 1 0.9999 0.0147
62 1 0.9999 0.0274
83 1 1.0001 0.0039
85 1 1.0001 0.0033
87 1 1.0001 0.0115
Table 6.3 Polynomial - Comparisons of True and Predicted Polynomial Coefficients
The reason for failure of the polynomial fitting can perhaps be attributed to the non-orthogonal nature
of polynomial functions which cause the resulting 0  matrix to be ill conditioned (see comment on 
§5.4) and prone to error when inverted in the least square estimation calculation. It seems as a result 
that polynomial fitting is not suitable for multipath map estimation in this study. It is understood that 
there are in principle mathematical methods to overcome this problem (UD factorisation and single
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value decomposition, but unfortunately research time did not allow further investigation along this 
track).
6.6 Multipath Map Construction Phase III - Up to 22T* Order Spherical 
Harmonic with Self-Adaptive Weighted Least Square Estimation
As explained in §6.3 and §6.4, the method so far adopted assumes equal GPS phase noise in all 
directions of the attitude hemisphere. This assumption could be false because of the highly variable 
signal strength to be expected as a function of elevation and therefore signal-to-noise ratio in the GPS
receiver. The plot of using Equation (5.39) shown in Figure 6.12 is of some interest as it shows
evidence of higher GPS phase noise at high co-elevation angle (low cosine value).
5000
4000
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cN^ => 20 0 0
1000
13 July 2000 VO
0.5 0.6 0.7
Cosine Of Co-Elevation
Figure 6.12 Locally estimated noise variance measurements of 13 July 2000 VO disparity data
In order to attempt further reduction of the error of the multipath map constmcted with least square 
estimation, weighted least square estimation was used in the spherical harmonic coefficients
prediction as discussed in §5.7. The general principal for finding the weights is that Gy as in 
Equation (5.39) are fitted to a polynomial as in Equation (5.40) which is function of co-elevation 
(usually using the cosine). The weighting function pyis  then computed by Equation (5.41).
Progressive iterations recomputed the residue and find again for a polynomial fit, until no further 
improvement is noted. Cycling through Equation (5.35) to (5.45) describes one pass (or one iteration).
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The weighting function is self-adaptive and the weighting function coefficients take 15 to 20 
iterations to converge.
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Figure 6.13 Locally estimated noise variance Ô - j  measurements of 13 July 2000 VO disparity data with
fitted polynomial
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Figure 6.14 Polynomial fit of (7  ^ at 22"^  order Spherical Harmonic -  13 July 2000VO Data
Figure 6.13 shows the fitted polynomial on ( j f .  in Figure 6.12. Figure 6.14 is the enlargement o f the 
polynomial fit o f  Figure 6.13.
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Figure 6.15 13 July 2000 VO Self-Adaptive Weighted Least Square Estimation
From Figure 6.15, â l  (Equation (5.38)) is about 13 times less than (Equation (5.32)) up to 22"^
order spherical harmonic. We must note however that refers only to the least noise in the general
distribution (see Figure 6.14). The estimated range is from 11.6mm  ^to 240.7mm  ^which is consistent 
with the (average) value of 152.8 mm^  found by unweighted estimation. Since the weighting is 
applied to large amounts of data shown in Figure 6.14, it is possible that adaptive weighting might 
achieve some reduction in multipath map error. For the 22"^  order spherical harmonic, the weighting
function coefficient stabilised after 19 iterations and converges at 11.6 mm  ^as shown in Figure 
6.16 and 6.17. The 22"^  order spherical harmonics multipath map is shown in Figure 6.18. Figure
M  ^ ^
6.18a shows the residual plot between Zy and ^  (%, y ) y .
m=\
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Figure 6.16 13 July 2000 VO Weighting Function Coefficient Iteration - 22" Order Spherical Harmonic
Order
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Figure 6.17 13 July 2000 VO <J^  Iteration - 22"** Order Spherical Harmonic Order
Page 6-18
Chapter 6. Experimental Work
-0.5
0.5
13 July 2000 VO
-1 -0.5 0.5 1
(mm)
'-50
Figure 6.18 13 July 2000 VO 22"^  Order Spherical Harmonics Multipath Map Estimated with Weighted
Least Square Estimation
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Figure 6.18a 13 July 2000 VO Residual Plot
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6.7 Multipath Map Uncertainty Experiment
As suggested in §6.4, it is essential to estimate the ‘reality’ o f the detail in the multipath map. 
Although this can be done using Equation (5.46), a more robust test, making least assumptions, 
follows if  the disparity data were split equally and randomly into two uncorrelated portions and 
Equation (5.49) is used. Equation (5.46) is a classical result assuming essentially ‘white noise’ to 
totally uncorrelated error in the data. Further evidence as shown in Figure 6.21a shows this 
assumption is not correct. Equation (5.49) is more robust because it should make least assumptions 
about noise modelling. Since multipath is caused by the structure o f the satellite, the multipath map 
should be static and repeatable (when reconstructed with two sets o f uncorrelated disparity data). 
Assessing the error from the difference o f 2 sets o f uncorrelated disparity data as in Equation (5.49) 
will then test directly the overall error in the constructed multipath map. As a result, the 13July 2000 
VO disparity data was split into two uncorrelated parts and the spherical harmonic coefficients for 
each set were individually estimated. The multipath maps constructed with these two set o f  
uncorrelated disparity data are plotted in Figure 6.19 and 6.20. Figure 6.20a shows the difference
between Figure 6.19 and 6.20 with rms o f 6.2mm which has the same magnitude w i t h ) =5.5mm 
in Table 6.4.
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Figure 6.19 22" Order Spherical Harmonics Multipath Map Estimated with Weighted Least Square
Estimation, 13 July 2000 VO Part 1
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Figure 6.20 22"'* Order Spherical Harmonics Multipath Map Estimated with Weighted Least Square
Estimation, 13 July 2000 VO Part 2
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Figure 6.20a Difference Between Figure 6.19 and Figure 6.20
The theoretical calculation o f the error in the multipath map using Equation (5.46) alter the 22"'' order 
spherical harmonic coefficients were predicted with weighted least square estimation is 18.8 mm^. 
However, when the rms error o f the multipath map was assessed by data splitting as in Equation
(5.49) by weighted least square estimation is 30.5 mm  ^ which shows poor agreement with the
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theoretically calculated multipath map error. The reason for the poor agreement between these two 
different measurements of error is not clear, although Equation (5.49) is believed to be more reliable. 
It is significant that a plot of the raw (disparity) data show a distinct periodic fluctuation (i.e. not 
random) as in Figure 6.21a, whose source is unknown. A fraction of Figure 6.21a is enlarged as in 
Figure 6.21b to show the periodic fluctuation in the disparity data.
13 July 2000 VO
Periodic Errors
^-20
2 .5  3 3.5
GPS Second X 10
Figure 6.21a 13 July 2000 VO GPS Carrier Phase Difference Residue Data with Bias Error Removed
13 July 2000 VO
3.6 3.7 3 .8  3 .9
GPS Second
Figure 6.21b Expansion of Figure 6.21a
X 10
Page 6-22
Chapter 6. Experimental Work
Although Equations (5.46) and (5.49) have poor agreement, Figures 6.18, 6.19 and 6.20 do look very 
similar to each other. It should be emphasised that these very similar graphs in Figure 6.19 and 6.20 
are entirely independently estimated. A computer program was used to randomly separate the epochs 
(7537) of data into roughly two equal halves and then the data were analysed for harmonic 
coefficients independently of each other. As summarised in Table 6.4, the error in the multipath map 
assessed by data splitting (Equation (5.49)) is 41.3mm  ^ with classical least square estimation and 
30.5mm  ^with weighted least square estimation, showing that the weighted least squares estimation 
does usefully reduce the error in the constmcted multipath map. Expressed as an rms value of around 
5.5mm, this is a disappointingly high value, which can be attributed to the observable but periodic 
distortion as in Figure 6.21b. In a distribution of multipath error range of -50mm to +50mm shown in
all the multipath maps (Figure 6.18, 6.19 and 6.20) only 20 log 100
5.5
= 25dB is achieved and we
may note that it is only 10 log 
the data.
152.8
30.5
= IdB  (Equation (5.58)) improvement on processing gain in
The overall technique definitely works and produces a meaningful and real multipath map from this 
13 July 2000 VO data. The overall uncertainty of 6.4mm reduced slightly to 5.5mm is however 
disappointing.
(mm )^
Equation (5.46) Equation (5.49)
LSE (rms)
(J^  = 152.8mm  ^(12.4 mm) 
Equation (5.32)
15.5 (3.9 mm) 41.3 (6.4 mm)
WLSE (rms)
(rj = 11.6 mm^  (3.4 mm) 
Equation (5.38)
18.8 (4.3 mm) 30.5 (5.5 mm)
Table 6.4 Multipatb Map Error of 13 July 2000 VO Disparity Data Estimated witb 22"^  order Spherical
Harmonic Template
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6.8 January 2000 GPS Carrier Phase Difference Data
In order to continue with the multipath experiments, it was decided to look at the flight data 
downloaded from UoSat-12 on January 2000 Baseline 1 (=27000 data points) for a possibility of 
better quality. Uie July data had been first considered because there was one continuous batch, which 
hopefully would minimise effect of bias error (which can be expected to alter radically from epoch to 
epoch attributable to the receiver characteristic as shown in Figure 4.4 for January 2000 data). The 
alternative January data existed m four individual batches and there could be expected to be large and 
arbitrarily different biases in the data from one epoch to the next, the novel technique developed for 
this thesis does however eliminate this problem. By removing the mean of the data for each epoch 
with Equation (5.5) and (5.6), this problem goes away and this objection no longer applies.
January 2000
-g-20
2.5  3 3.5
GPS Second X 10
Figure 6.22a January 2000 GPS Carrier Phase Difference Residue Data with Bias Error Removed
From Figure 6.22a, the disparity of these data ranges over +/- 25mm. Therefore, they are in fact less 
noisy than the 13 July 2000 VO data shown in Figure 6.21a. Figure 6.22b is the enlargement of Figure 
6.22a.
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January 2000
1.7 1.8
GPS Second X 10
Figure 6.22b Expansion of Figure 6.22a
These data do not seem to contain this systematic periodic effect as in 13 July 2000 VO data.
Additionally, it will be shown that the estimated measurement noise (7^  in the January 2000 disparity
data in Figure 6.23 is roughly 10 times smaller as compared to 13 July 2000 VO disparity data in 
Figure 6.12. Analyses of these data will show them to be of much higher quality.
January 2000
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Figure 6.23 Locally estimated noise variance CJ. of measurements of January 2000 disparity data
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Figure 6.23 is expanded and fit crj with 4*^  order polynomial with least square estimation as shown
in Figure 6.24.
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Figure 6.24 Locally estimated noise variance (J measurements of January 2000 disparity data with
January 2000
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Figure 6.25 Polynomial fit of 0 - j  at 22"** order Spherical Harmonics -  January 2000 Data
The data were analysed using weighted LSE by exactly the same methods as the 13 .luly 2000 VO 
data. In Figure 6.25, the 4'*^  order polynomial tit o f  from the January 2000 data show that the
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fitting curve has little variation in O.. over the range of co-elevation. As a result, any advantage to be 
gained relative to the unweighted estimation is not expected to be high.
January 2000
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E
E
14.6 mm"
4.5  mm"
22
Spherical Harmonic Order
Figure 6.26 January 2000 Self-Adaptive Weighted Least Square Estimation
In Figure 6.26, it is shown that, after the disparity data points below 20*^  elevation are filtered and
fitted with weighted least square estimation, the measurement noise variance (7^  (Equation (5.38)) at
22"^  order spherical harmonics is 4.5 mm^  compared to 13 July 2000 VO figure of 11.6 mm  ^in Figure
6.15. Figure 6.26 also shows that (J^is still decreasing after the 22"^  order of spherical harmonic
template fit, which suggested that the spherical harmonic order used to predict the multipath map 
needs to go beyond 22"^  order. This is exactly the same effect as observed on the 13 July 2000 VO 
data. For the January 2000 data the adaptive weighted least square estimation takes 11 iterations to
converge. The convergence of the weighting function coefficients and is shown in Figure 6.27
and 6.28.
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Figure 6.27 January 2000 Weighting Function Coefficient Iteration - 22 Order Spherical Harmonic
Order
January 2000
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Figure 6.28 January 2000 VO Iteration - 22"'* Order Spherical Harmonic Order
Remember that (7^  refers only to the 0° co-elevation direction (see §5.7 Equation (5.37)) and 
therefore to only a small amount of data being used. Referring to Figure 6.25 and basic definition, it
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is seen that adaptive weighting has only achieved a slight reduction since majority o f the data
according to Figure 6.25 is about ^  ^ «  3.9 times estimates where in Figure 6.26, ~ 3.2
times o f the original unweighted estimate. Therefore the adaptive weighting cannot be expected to 
achieve significant noise reduction in the constructed multipath map. This is confirmed in Table 6.5. 
The January 2000 22"  ^ order multipath map constructed with spherical harmonic template and 
predicted with weighted least square is shown in Figure 6.29. Figure 6.29a shows the residual plot
between and . When comparing Figure 6.18a and 6.29a, the residue o f the
m=l
January 2000 data have a range o f roughly ± 20mm as compare to 13 July 2000 VO data with residue 
o f about ± 50mm, which again shows that the January 2000 data have better quality.
-1
-0.5
January 2000 (mm)
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-1 -0,5 0.5 1 '-50
Figure 6.29 January 2000 22" Order Spherical Harmonics Multipath Map Estimated with Weighted
Least Square Estimation
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Figure 6.29a January 2000 Residue Plot
In order to assess the multipath map error constructed with January 2000 disparity data in the same 
way as 13 July 2000 VO data, the January 2000 data were split into two uncorrelated parts. The two 
techniques used in assessing the error in the multipath maps as was mentioned in §6.7 will be used.
(mm^)
Equation (5.46) Equation (5.49)
LSE
(rms)
=14.6 mm  ^(3.8mm) 
Equation (5.32)
0.52 (0.72mm) 0.69 (0.83mm)
WLSE
(rms)
a l  -  4.5 mm  ^(2.1mm) 
Equation (5.38)
0.72 (0.85mm) 0.61 (0.78mm)
Table 6.5 Multipath Map Error of January 2000 Disparity Data Estimated with 22" order Spherical
Harmonic Template
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From Table 6.5, the error o f the multipath map on January 2000 disparity data assessed with 
theoretical calculation (Equation 5.46) and data splitting (Equation (5.49)) agree well with each other 
for both least square estimation and weighted least square estimation. Comparing the multipath map 
error according to the two different methods in Equation (5.46) and (5.49), it seems that the January 
data is far more consistent. In both cases (Table 6.4 and 6.5), however no significant advantage is 
obtained from adopting adaptive weighting. The mean square error o f 0.61 mm  ^ is equivalent to rms 
error o f 0.8 mm or 1.5** at LI wavelength. This figure should be compared to a measurement noise o f
14.6mm^ or a signal processing gain o f
14.6
0.61
or 13.8dB (Equation (5.58)) and in context o f range o f
disparity from -50  to +50mm (as shown in the multipath map in Figure 6.29),
100
0.78
or 42dB. The
multipath map constructed with the spherical hannonic coefficients estimated with self-adaptive 
weighting least square estimation from the January 2000 data that have been split into two parts were 
shown in Figure 6.30 and 6.31. These multipath maps constructed with two uncorrelated set o f  data 
look similar to each other. Figure 6.31a shows the difference between Figure 6.30 and 6.31 with rms
o f 1.10 mm which has the same magnitude w i t h = 0.78 mm in Table 6.5.
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Figure 6.30 22'"* Order Spherical Harmonics Multipath Map Estimated with Weighted Least Square
Estimation, January 2000 Part 1
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Figure 6.31 22"'* Order Spherical Harmonics Multipath Map Estimated with Weighted Least Square
Estimation, January 2000 Part 2
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Figure 6.31a Difference Between Figure 6.30 and Figure 6.31
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Comparing the multipath map constructed with 13 July 2000 VO and January 2000 in Figure 6.18 and 
6.29 respectively, they resemblance each other. This give further confidence to the constructed 
multipath map since these two sets o f uncorrelated data are recorded six months apart. Figure 6.31b 
shows the difference between Figure 6.18 and 6.29 with an mis o f 6.1mm. The difference between 
the 13 July 2000 VO and January 2000 multipath map might be due to the systematic and periodic 
fluctuation in 13 July 2000 VO disparity data as shown in figure 6.21a or the multipath environment 
of UoSat-12 have changed (e.g. movement o f gravity gradient boom on-board UoSat-12).
13 July 2000 VO and January 2000 Difference Plot
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Figure 6.31b Difference Between 13 July 2000 VO and January 2000 Multipath Map Plot
6.8.1 Discussion
As compared to the previous works reported in §2.8.1, UoSat-12 zenith facet may have the most 
complicated electromagnetic environment where the GPS antennas were sited (as compared to Crista 
SPAS and GANE mission). Cohen [1], Hardwick [13], Sghedoni [14], Boder [15] and Reichert [17] 
had used spherical harmonics to map the multipath profile. Boder [15] had used up to 20*^  order 
spherical harmonics. 1 have used up to 22"^  order o f spherical hanuonics to map the multipath profile 
for UoSat-12, but the unique statistical methods used here were able to establish that 22"'’ order could 
go higher with advantage. While the use o f spherical harmonics is not new, but none o f the authors 
seems to have appreciated the advantages o f combining this with least square estimation and 
automatic line bias rejection in a form o f generalised spectral analysis. Also this approach appears to
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be novel because only the hemisphere needs to be mapped and therefore only half the available 
harmonics need to be computed. This technique is therefore analogous to Fourier Series using only 
cosines as in conventional one dimensional signals in time. Further, the apparent trigonometric 
dependence on 6  and (J) can be eliminated and the spherical harmonic terms expressed by simple 
polynomial relation in jc and y co-ordinates as in §5.3.4 which greatly simplifies the calculation and 
eliminates apparent singularities in the expansion. In addition, the novel multipath map error analysis
method, ^,where the disparity data are split into half (Equation (5.49))and analysed independently
by comparing the estimated spherical harmonic coefficients (§5.8.2) has never been reported 
elsewhere known to me. This novel error analysis is able to give solid evidence of the accuracy of the 
map of multipath error. By using the spherical harmonic analysis, the concluding figure of 0.78mm 
rms error as in Table 6.5 is equivalent to 1.5° at LI wavelength.
6.9 Multipath Map F-Ratio and Map Insignificant Harmonic Removal 
Experiment
The above approach has so far ignored the possibility that many of the harmonics are just ‘noise’ and 
not contributing significant real detail to the multipath map. Several approaches were tried in order to 
investigate this possibility, with a view to reduce the error of the multipath map by removing the 
spherical harmonic functions whose amplitudes are insignificant. It was suggested that the F-ratio test 
could be used to find out the information that can be extracted from the disparity data when the order 
of spherical harmonics expansion is increased. As explained in §5.8.3, the general principle is to 
examine the ratio of summed power of a block of harmonics (made available on increasing harmonic 
order) divided by the estimated summed noise of that block. A high ratio would indicate that there is 
significant energy in this order, while a low ratio indicate that the newly added harmonics term are 
just ‘noise’.
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Figure 6.32 F-Ratio test for January 2000 Data
13 July 2000 VO
600
500
400
5  300
u _
200
100
5.6
Spherical Harmonic Order
Figure 6.33 F-Ratio test for 13 July 2000 VO Data
In Figure 6.32, the January 2000 disparity data is fitted with weighted least square estimation using 
22"^  order spherical harmonic order, the F-Ratio = 68.4 (Equation (5.54)). For the 13 July 2000 VO 
disparity data, the F-Ratio = 5.6 as shown in Figure 6.33. The F-ratio test supports the statement in
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§6.7 that the 13 July 2000 VO data is noisier than January 2000 data as the F-ratio for 13 July 2000
VO disparity data is about
68.4
5.6
= 12 times smaller then January 2000 disparity data.
January 2000 13 July 2000 VO
Total Data Points, K 26712 30228
Total Epoch Number, I 5058 7537
Harmonic Functions Number, M 275 275
Degree of Freedom (For 22"^  Spherical Hannonic Order 23 23
F-Ratio (at 22"^  order spherical harmonic) 68.4 5.6
F-Distribution critical value (99%) -2 .7 -2.7
T able 6.6 F -D istribution T est
From Table 6.6, the F-ratio test again shows that we are able to extract more multipath information 
using the spherical harmonic template beyond 22”^  order. Since both 13 July 2000 VO and January 
2000 disparity data have the F-ratio of 5.6 and 68.4 respectively, they are high value as compared to 
the F-ratio ctitical value of 2.7.
Next, the spherical harmonic coefficients estimated from the January 2000 data are used in the 
insignificant harmonic removal experiment as in §5.8.3. By letting T] from Equation (5.56) equal to
3, the from Equation (5.57) is computed to be 1.15 after 57 insignificant harmonic functions are 
removed from the total list o f275 harmonic functions and left 218 significant harmonic functions.
Page 6-36
Chapter 6. Experimental Work
(^ 7
Equation (5.49)
LSE (rms)
=14.6 mm^  (3.8mm) 
Equation (5.32)
0.69 mm  ^(0.83 mm)
WLSE (rms)
Before Harmonic 
Reduction
= 4.5 mm^  (2.1mm) 
Equation (5.38)
0.61 mm^  (0.78 mm)
After Harmonic 
Reduction
= 4.6 mm^  (2.1mm) 
Equation (5.38)
0.51 mm^  (0.71mm)
Table 6.7 22"** Order Spherical Harmonic -  January 2000 Data
From Table 6.7, the error of the constmcted multipath map assessed by data splitting (Equation
(5.49)), decreased from 0.78 mm to 0.71 mm after the insignificant spherical harmonic coefficients 
are moved. As a result, the processing gain of the technique is computed to be 14.6dB with Equation 
(5.58). Figure 6.34 shows the constructed multipath map from January 2000 disparity data with 
insignificant harmonic functions removed. This multipath map is estimated to be in error by 0.71mm
rms. The value of is smaller than in all case because include all the system modelling 
error and noise while is the computation of the difference in two multipath maps cause by 
noise in the disparity data.
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Figure 6.34 22 Order Spherical Harmonic Multipath Map -  After Insignificant Harmonic Removal
6.10 GPS Attitude Determination Accuracy Analysis
For UoSat-12, both baseline 1 and 2 have a length o f 648.7mm. The GPS attitude determination error 
caused by multipath can be determined by looking at the multipath signal power, <7^ ,^ that has been 
extracted from the disparity data using Equation (5.52). For the January 2000 disparity data, 
=87.7mm^ after removing o f insignificant spherical harmonic functions, which translates to an
V87~7 180
attitude error o f  X  =  0.83° for one baseline. From Table 6.7, the constructed multipath
648.7 Æ
map is in error by (e^)=0.51mm^ after the insignificant hannonic functions are removed, which
reduce the multipath error to ^  ^ ~  0.06° for one baseline. Therefore the gain for multipath
648.7
87.7
suppression is 1 O L o g  ^  ^^  = 2 2 3 d B  .
As discussed in §4.2, the phase noise o f the GPS receiver is estimated to be = 4.8mm compared 
to the theoretical calculation o f 0.83mm in §3.4. In order to estimate the GPS attitude determination 
accuracy, the practically measured GPS receiver phase noise o f  ( 7 ^ p ^  -  4.8mm is perhaps a more 
realistic value in a system which is not optimised.
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As a result, the overall error of the GPS phase difference measurement
(e^)  (6-1)
,5
= 23.6mm ^
= 4.8^+ 0. 1
On the other hand, if the noise performance of the GPS receiver approaching its theoretical value of
^GPs ~ 0.83mm,
= 0 .83^ + 0 .51  
= 1.2mm ^
Imagine that there is one GPS satellite directly overhead one baseline of UoSat-12 and tilting that
baseline orthogonally, then the tilt error on the selected axis is = 0.43° after
648.7
compensating for the multipath error, while when the GPS receiver noise performance approaching
its theoretical value x = 0.10°. We now have a proven method for delivering multipath 
648.7
error map, which is very close to the best that is needed.
For this moment, we can see that there is no gain from improving the multipath error determined by 
increasing the spherical harmonic order because the error in the GPS attitude determination is
dominant by the GPS receiver noise, = 4.8^ »  = 0.51 in the worst case. However, if in
the future, when GPS receiver with better noise performance is used = 0.83^ ~ = 0.51)
or more disparity data are collected (if we have 10 disparity data points in close proximity, the CF^ p^
4 8^
will perhaps reduce by a factor of 10; e.g. then the quality of the
constructed multipath needs to be improved by using spherical harmonic order higher then 22"^  order.
6.11 Conclusion
This chapter began by simulating the estimated spherical harmonic coefficients with least square 
estimation. Synthetic (ideal and noisy) data sets were generated for the simulation. These simulations 
correctly estimate the spherical harmonic coefficients, the noise variance in the synthetic data and
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error of the constmcted multipath map as in §6.2. Following on, this algorithm is used to estimate the 
spherical harmonic coefficients with real flight data downloaded on 13 July 2000 VO by using 
spherical harmonic template up to 12*^  order. As the spherical harmonic template is increasing
gradually from 4^  ^to 12*^  order, the noise variance, , is decreasing from 209.9 mm^  to 166.5 mm^  
after elevation filtering as shown in Figure 6.8. By looking at the decreasing rate of <J ,^ it is believed
that there are still system modelling errors in . Due to limitation in computing power, the highest
order of the spherical harmonic template that can be computed is 22"^  order. When the 13 July 2000
VO is computed with 22"^  order spherical harmonic template, is decreased to 152.8mm  ^as shown
in Figure 6.10. With the intention to increase the harmonic order beyond 22"^  order, the spherical 
harmonic template was replaced with polynomial template because polynomial template is easier to 
compute. Unfortunately, simulation in §6.5 shows that when the polynomial functions reach 14*
order, the predicted polynomial coefficient starts to lose its accuracy due to ill conditioned 0  matrix. 
As a result, polynomial template is not suitable to be used to estimate the multipath map without 
using more sophisticated methods for handling the inversion of large ill-conditioned matrix. Due to 
unequal noise variance in the disparity data as a function of cosine of co-elevation shown in Figure 
6.12 and 6.24, the experiment is then continued by estimating the multipath map with weighted least
square. At 22"^  spherical harmonic template, trj is 11.6 mm^  with 13 July 2000 VO disparity data as
shown in Figure 6.15. In order to assess the error in the computed multipath map, the 13 July 2000 
VO is split into 2 equal and uncorrelated parts. Figure 6.20a shows the difference between the 
multipath maps constmcted by splitting the 13 July 2000 VO data set into two independent parts. The 
difference of these two multipath map have an rms of 6.2mm, which has the same magnitude
w i t h - 5 .5mm in Table 6.4. Unfortunately, due to the ‘systematic’ periodic error in the 13 July
2000 VO flight data as shown in Figure 6.21a and 6.21b, the theoretically computed error in the 
multipath map have poor agreement with the errors computed by using data splitting technique. The 
reason for the poor agreement between these two different measurements of error is unclear.
In order to continue with the multipath experiments, it was decided to look at the flight data 
downloaded from UoSat-12 on January 2000 Baseline 1 for a possibility of better quality. These data 
do not contain this systematic periodic effect as shown in Figure 6.22a. From the experiment, I found 
that the January 2000 flight data is much less noisy compared to 13 July 2000 VO flight data. At 22"^  
spherical harmonic template, is estimated to be 14.6 mm^  when least square estimation algorithm 
is applied as shown in Figure 6.26. When the January 2000 flight data is split into 2 equal and
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uncorrelated parts to assess the error in the computed multipath map, the rms error in the developed 
multipath map is 0.61 mm  ^shown in Table 6.5. The difference of these two multipath map (splitting 
January 2000 data set into 2 uncorrelated part) as shown in Figure 6.31a have an rms of 1.10mm,
which has the same magnitude w i t h =0.78 mm in Table 6.5. When comparing the multipath
map constructed with 13 July 2000 VO and January 2000 as shown in Figure 6.31b, their rms is 
6.1mm. The difference between the 13 July 2000 VO and January 2000 multipath map might be due 
to the systematic and periodic fluctuation in 13 July 2000 VO disparity data as shown in figure 6.21a 
or the multipath environment of UoSat-12 have changed (e.g. movement of gravity gradient boom on­
board UoSat-12).
The F-ratio test, also confirmed that the 13 July 2000 VO flight data is noisier than the January 2000 
flight data. When the spherical harmonic order is increase from 21®* to 22"^  order, the F-ratio for the 
13 July 2000 VO flight data and the January 2000 flight data is 5.6 and 68.4 respectively. This shows 
that more multipath information can be extracted from both January 2000 and 13 July 2000 VO 
disparity data. After the harmonic functions with insignificant spherical harmonic coefficients that 
represent just ‘noise’ are removed, the rms error of the constructed multipath map with January 2000 
disparity data further reduced from 0.61 mm^  to 0.5Imm  ^ shown in Table 6.7. As a result, the 
processing gain of the technique is computed to be 14.6dB. By applying the above technique, the 
error of GPS attitude determination on one baseline caused by multipath is suppressed from 87.7mm  ^
to 0.5Imm ,^ which achieves a multipath error suppression gain of 22.3dB.
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Chapter 7
7 Conclusion
The experimental works on this thesis are based on the flight data obtained from UoSat-12. The data 
were downloaded on 13* to 18* January 2000 and 13 July 2000. Due to the short duration of 13* to 
18* January 2000 downloaded per day, the data downloaded for 6 days on January 2000 were merged 
into one data set referred to as January 2000 data set. As a result, the two data sets used in this thesis 
to carry out the GPS carrier phase multipath mitigation are January 2000 and 13 July 2000 VO which, 
consists of 22,617 and 30,228 data points respectively across the attitude hemisphere. The January 
2000 data set are of a much higher quality than the 13 July 2000 VO that has been shown visually 
when comparing the disparity data plot of Figure 6.21a and 6.22a. The reason for the periodic 
fluctuation in the 13 July 2000 VO data in Figure 6.21a is not known.
The multipath maps were constructed for both set of data using modified spherical harmonic 
functions (Chapter 5) and fitting the data to the spherical harmonic template with a least square fit. 
For the 13 July 2000 VO data set, the variance between the disparity data (Equation 2.14c) and 
spherical harmonic template (22”^  order spherical harmonic order with 275 spherical harmonic 
functions) is 152.8 mm  ^ (Equation 5.32), while for January 2000 disparity data set, it is 14.6 mm .^
In order to verify the estimated multipath maps are static and repeatable, both January 2000 and 13 
July 2000 VO are further split into two independent parts as shown in Figure 7.1 and four multipath 
maps were constructed with January 2000 Part 1, January 2000 Part 2, 13 July 2000 VO Part 1 and 13 
July 2000 VO Part 2 data set.
UoSat-12
January 2000 13 July 2000 VO
1r 1r
January 2000 Part 1 January 2000 Part 2 13 July 2000 VO Parti 13 July 2000 VO Part 2
Figure 7.1 GPS Carrier Phase Multipath Experimental Data Set
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By using Equation 5.49, the constructed multipath map with January 2000 and 13 July 200 VO data 
set as shown in Figure 6.29 and 6.18 are in error by 0.8mm and 5.5mm respectively (with spherical 
harmonic template and weighted least square fit). Alternatively, the various direct comparison of 
multipath maps are shown in Table 7.1.
Multipath Map Comparison RMS (mm)
January 2000 13 July 2000 VO 6.1
January 2000 Part 1 January 2000 Part 2 1.1
13 July 2000 VO Part 1 13 July 2000 VO Part 2 6.2
Table 7.1 Multipath Maps Comparison
As can be seen in Table 7.1, the discrepancy between the January 2000 and 13 July 2000 VO 
multipath map might be due to the periodic fluctuation in the 13 July 2000 VO data set or the 
multipath environment on UoSat-12 have been changed. Since all the other components are 
mechanically lock to the UoSat-12 zenith facet, the change of the multipath environment on UoSat-12 
zenith facet might be due to the movement the gravity gradient boom. Ray-tracing can be a good 
method to investigate the multipath environment on UoSat-12 zenith facet. However, ray-tracing 
method required the detail knowledge of sizes and materials that are used to constructed UoSat-12 
and the radiation gain pattern of GPS patch antennas after it is installed on UoSat-12.
The F-ratio test was then used to remove 57 insignificant spherical harmonic functions fiom the 
January 2000 multipath map that are just ‘noise’ and not contributing significant real detail to the 
multipath map. The multipath map is then reconstmcted with 218 spherical harmonic functions as 
shown in Figure 6.34 and is accurate to 0.7mm rms.
7.1 Research Achievement
With the above techniques, the noise in the disparity data is reduced by 14.6dB for January 2000 
disparity data set (extracting multipath map with accuracy of 0.7mm fiom disparity data set with 
noise’s standard deviation of 3.8mm). After removing the multipath error, the error of GPS attitude 
determination on one baseline caused by multipath is suppressed fiom 87.7mm  ^to 0.51mm ,^ which 
achieve a multipath error suppression gain of 22.3dB. Imagine that there is one GPS satellite directly
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overhead one baseline of UoSat-12 and tilting that baseline orthogonally, then the tilt error on the 
selected axis is 0.06° after compensating for the multipath error as compared to 0.83° before multipath 
compensation for a baseline length of 648.7mm with an ideally noiseless GPS receiver.
7.2 Thesis Novelty
As compared to the previous work done on GPS carrier phase multipath mitigation reported in 
Chapter 2, UoSat-12 zenith facet may have the most complicated electromagnetic environment where 
the GPS antennas were sited (as compared to Crista-SPAS and GANE mission). As a result, this 
thesis have used up to 22”*^ order of spherical harmonics to map the multipath, where the highest order 
of spherical harmonics used previously to map GPS carrier phase multipath is up to 20* order by 
Boder [15]. Although the use of spherical harmonics to map GPS carrier phse multipath is not new 
but none of the authors seems to have appreciated the advantage of combining spherical harmonics 
with least square estimation and automatic line bias rejection in a form of spectral analysis. This 
approach appears to be novel because only the hemisphere needs to be mapped and therefore only 
half the available harmonics need to be computed. This technique is therefore analogous to Fourier 
Series using only cosines as in conventional one dimensional signals in time. Further, the apparent 
trigonometric dependence on co-elevation {o) and azimuth (^) can be eliminated while computing 
spherical harmonic coefficients and the spherical harmonic terms expressed by simple polynomial 
relation in x and y  co-ordinates, which greatly simplifies the calculation and eliminates apparent
singularities in the expansion. In addition, the novel multipath map error analysis method, {e^ ^ ,
where the disparity data are split into half (Equation (5.49)) and analysed independently by 
comparing the estimated spherical harmonic coefficients (§5.8.2) has never been reported elsewhere 
known to me. This novel error analysis is able to give solid evidence of the accuracy of the map of 
multipath error.
7.3 Recommendations and Future Work
In this thesis, it is assumed that the noise variance is uniformly distributed across the azimuth of the 
satellite zenith facet. As a result, the self-adaptive weighted least square estimation only derives its 
weighting function with respect to the elevation of the satellite zenith facet. It will be useful to 
investigate the noise variance as a function of azimuth and its relationship with the SNR reported by 
the GPS receiver in order to reduce the error in the developed multipath map. Additionally, the 
spherical harmonic template used to construct the multipath map cannot measurement the DC offset
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of the multipath. A recommendation is to use the ray tracing method to compute the multipath map 
and compare it with the multipath map shown in this thesis. The experimental result in chapter 6 
shows that the 22”^  order of spherical harmonic is still not high enough to eliminate the system 
modelling error. Since the construction of high order spherical harmonic requires intensive computing 
power, other choice of basis function with orthogonal property can be tested and also the more 
advanced method of matrix inversion; e.g. UD factorisation and Single Value Decomposition. 
Finally, the life spans of the multipath map need to be evaluated.
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